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Abstract
This paper presents a predictive model for estimating regularization parameters of diffeomorphic image registration. We introduce a novel framework that automatically determines
the parameters controlling the smoothness of diffeomorphic transformations. Our method
significantly reduces the effort of parameter tuning, which is time and labor-consuming.
To achieve the goal, we develop a predictive model based on deep convolutional neural
networks (CNN) that learns the mapping between pairwise images and the regularization
parameter of image registration. In contrast to previous methods that estimate such parameters in high-dimensional image space, our model is built in an efficient bandlimited
space with much lower dimensions. We demonstrate the effectiveness of our model on both
2D synthetic data and 3D real brain images. Experimental results show that our model
not only predicts appropriate regularization parameters for image registration, but also
improving the network training in terms of time and memory efficiency.
Keywords:
registration.
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1. Introduction
Diffeomorphic image registration is a fundamental tool for various medical image analysis
tasks, as it provides smooth and invertible smooth mapping (also known as a diffeomorphism) between pairwise images. Examples include atlas-based image segmentation (Ashburner and Friston, 2005; Gao et al., 2016), anatomical shape analysis based on geometric
changes (Vaillant et al., 2004; Zhang et al., 2016; Hong et al., 2017), and motion correction in spatial-temporal image sequences (De Craene et al., 2012; Liao et al., 2016; Xing
et al., 2019). The nice properties of diffeomorphisms keep topological structures of objects
intact in images. Artifacts (i.e., tearing, folding, or crossing) that generate biologically
meaningless images can be effectively avoided, especially when large deformation occurs.
The problem of diffeomorphic image registration is typically formulated as an optimization
over transformation fields, such as a free-form deformation using B-splines (Rueckert et al.,
2006), a LogDemons algorithm based on stationary velocity fields (SVF) (Arsigny et al.,
2006), and a large diffeomorphic deformation metric mapping (LDDMM) method utilizing
time-varying velocity fields (Beg et al., 2005).
To ensure the smoothness of transformation fields, a regularization term defined on the
tangent space of diffeomorphisms (called velocity fields) is often introduced in registration
©2021 Wang and Zhang. License: CC-BY 4.0.
https://www.melba-journal.org/papers/2021:017.html.

Wang and Zhang

Deformed images

models. Having such a regularity with proper model parameters is critical to registration performance because they greatly affect the estimated transformations. Either too
large or small-valued regularity can not achieve satisfying registration results (as shown in
Fig .1). Models of handling the regularity parameter mainly include (i) direct optimizing
a Bayesian model or treating it as a latent variable to integrate out via Expectation Maximization (EM) algorithm (Allassonnière et al., 2007; Allassonnière and Kuhn, 2008; Zhang
et al., 2013; Wang and Zhang, 2021), (ii) exhaustive search in the parameter space (Jaillet
et al., 2005; Valsecchi et al., 2013; Ruppert et al., 2017), and (iii) utilizing parameter continuation methods (Haber et al., 2000; Haber and Modersitzki, 2006; Mang and Biros, 2015;
Mang et al., 2019). Direct optimization approaches define a posterior of transformation
fields that includes an image matching term as a likelihood and a regularization as a prior
to support the smoothness of transformations (Zöllei et al., 2007; Allassonnière and Kuhn,
2008; Toews and Wells, 2009). Estimating regularization parameters of these models using
direct optimization is not straightforward due to the complex structure of the posterior distribution. Simpson et al. infer the level of regularization in small deformation registration
model by mean-field VB inference (Jordan et al., 1999), which allows tractable approximation of full Bayesian inference in a hierarchical probabilistic model (Simpson et al., 2012,
2015). However, these aforementioned algorithms are heavily dependent on initializations,
and are prone to getting stuck in the local minima of high-dimensional and non-linear functions in the transformation space. A stochastic approximative expectation maximization
(SAEM) algorithm (Allassonnière and Kuhn, 2008) was developed to marginalize over the
posterior distribution of unknown parameters using a Markov Chain Monte Carlo (MCMC)
sampling method. Later, Zhang et al. estimate the model parameters of regularization via
a Monte Carlo Expectation Maximization (MCEM) algorithm for unbiased atlas building
problem (Zhang et al., 2013). A recent model of Hierarchical Bayesian registration (Wang
and Zhang, 2021) further characterizes the regularization parameters as latent variables
generated from Gamma distribution, and integrates them out by an MCEM method.
Despite the achievement of the aforementioned methods, estimating the regularization
parameter in a high-dimensional and nonlinear space of 3D MRIs (i.e., dimension is typ-
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Figure 1: Left to right: examples of transformation fields overlaid with deformed images
with under-regularized and over-regularized registration models. A small regularization
introduces crossing artifacts on the transformations vs. a large regularization discourages
sufficient transformations between images.
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ically 1283 or higher) inevitably leads to expensive computational cost through iterative
optimizations. To address this issue, we present a deep learning approach to fast predict
registration parameters. While there exist learning-based registration models for transformations (Krebs et al., 2019; Balakrishnan et al., 2018; Biffi et al., 2020), we are particularly
interested in learning the relationship between pairwise images and optimal regularizations
of transformations via regression. In order to produce “ground truth” regularization parameters, we first introduce a low-dimensional Bayesian model of image registration to estimate
the best regularity from the data itself. Following a recent work of (Wang et al., 2019),
we construct a posterior distribution of diffeomorphic transformations entirely in a bandlimited space with much lower dimensions. This greatly reduces the computational cost
of data generation in training. The theoretical tools developed in this work are generic to
various deformable registration models, e.g, stationary velocity fields that remain constant
over time (Arsigny et al., 2006). The model recommends optimal registration parameters
for registration in real-time and has great potential in clinical applications (i.e., imageguided navigation system for brain shift compensation during surgery (Luo et al., 2018)).
To summarize, our main contributions are three folds:
• To the best of our knowledge, we are the first to present a predictive regularization
estimation method for diffeomorphic image registration through deep learning.
• We develop a low-dimensional Bayesian framework in a bandlimited Fourier space to
speed up the training data generation.
• Our model significantly speeds up the parameter estimation, while maintaining comparable registration results.
The paper is organized as follows. In sec. 2, we lay out the basics of image registration
optimization in the LDDMM framework. In sec. 3.1, we first develop a low-dimensional
posterior distribution that is parametrized by bandlimited velocity fields. We then estimate
the regularization parameter by maximizing the posterior. In sec. 3.2, we design a deep
convolutional neural network that takes an image pair as input and adaptively predicts the
optimal smoothness level for registration. In sec. 4, we validate our model on both 2D
synthetic data and 3D brain MRI scans.

2. Background: Fast LDDMM With Geodesic Shooting
In this section, we first briefly review a fast image registration algorithm FLASH in the
setting of LDDMM with geodesic shooting (Zhang and Fletcher, 2015, 2019). The core idea
of the FLASH is to reparameterize diffeomorphic transformations effectively in its tangent
space (also known as velocity fields), where the signals are smooth without developing high
frequencies in the Fourier space. This allows all computations of the original LDDMM
with geodesic shooting (Vialard et al., 2012; Younes et al., 2009) to be carried out in the
bandlimited space of velocity fields with much lower dimensions. As a result, the FLASH
algorithm significantly speeds up diffeomorphic image registration with little to no loss of
accuracy.
3
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2.1 Geodesic Shooting in Fourier Spaces
g
Given time-dependent velocity field ṽt ∈ Ṽ , the diffeomorphism ϕ−1
t ∈ Diff(Ω) in the finitedimensional Fourier domain can be computed as
dϕ̃−1
t
= −D̃ϕ̃−1
t ∗ ṽt ,
dt

(1)

−1
where D̃ϕ̃−1
t is a tensor product D̃ ⊗ ϕ̃t , representing the Fourier frequencies of a Jacobian
matrix D̃. The ∗ is a circular convolution with zero padding to avoid aliasing. We truncate
the output of the convolution in each dimension to a suitable finite set to avoid the domain
growing to infinity.
Geodesic shooting algorithm states that the transformation can be uniquely determined
by integrating a partial differential equation with a given initial velocity v0 forward in time.
In contrast to the original LDDMM that optimizes over a collection of time-dependent velocity fields, geodesic shooting estimates an optimal initial velocity v0 . In this work, we
adopt an efficient variant of geodesic shooting defined in Fourier spaces. We first discretize
the Jacobian and divergence operators using finite difference approximations (particularly
the central difference scheme) and then compute their Fourier coefficients. Detailed derivations can be found in the appendix section of FLASH (Zhang and Fletcher, 2019). The
Fourier representation of the geodesic constraint that satisfies Euler-Poincaré differential
(EPDiff) equation is (Zhang and Fletcher, 2015)

h
i
∂ṽt
˜ · L̃(α)ṽt ⊗ ṽt ) ,
= ad†ṽt ṽt = −K̃ (D̃ṽt )T ⋆ L̃(α)ṽt + ∇
∂t

(2)

where L̃ is a symmetric, positive-definite differential operator that is a function of parameter
α (details are in Sec. 3.1). Here K̃ is the inverse operator of L̃, and ⋆ is the truncated matrixvector field auto-correlation 1 . The ad† is an adjoint operator to the negative Jacobi–Lie
˜ is the discrete
bracket of vector fields, adṽ w̃ = −[ṽ, w̃] = D̃ṽ ∗ w̃ − D̃w̃ ∗ ṽ. The operator ∇·
divergence (computed by summing the Fourier coefficients of different directions over in D̃)
of a vector field.
2.2 FLASH: Fast Image Registration
Consider a source image S and a target image T as square-integrable functions defined
on a torus domain Ω = Rd /Zd (S(x), T (x) : Ω → R). The problem of diffeomorphic
image registration is to find the geodesic (shortest path) of diffeomorphic transformations
ϕt ∈ Diff(Ω) : Ω → Ω, t ∈ [0, 1], such that the deformed image S ◦ ϕ−1
1 at time point t = 1
is similar to T .
The objective function can be formulated as a dissimilarity term plus a regularization
that enforces the smoothness of transformations
E(ṽ0 ) =

γ
1
Dist(S ◦ ϕ−1
1 , T ) + (L̃(α)ṽ0 , ṽ0 ), s.t., Eq.(1) & Eq.(2).
2
2

(3)

1. The output signal maintains bandlimited after the auto-correlation operates on zero-padded input signal
followed by truncating it back to the bandlimited space.
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The Dist(·, ·) is a distance function that measures the dissimilarity between images. Commonly used distance metrics include sum-of-squared difference (L2 norm) of image intensities (Beg et al., 2005), normalized cross-correlation (NCC) (Avants et al., 2008), and mutual
information (MI) (Wells III et al., 1996). The ϕ−1
1 denotes the inverse of deformation that
warps the source image S in the spatial domain when t = 1. Here γ is a weight parameter
balancing between the distance function and regularity term. The distance term stays in
the full spatial domain, while the regularity term is computed in bandlimited space.

3. Our Model: Deep Learning for Regularity Estimation in Image
Registration
In this section, we present a supervised learning model based on CNN to predict the regularity of image registration for a given image pair. Analogous to (Yang et al., 2017), we
run optimization-based image registration to obtain training data. We introduce a lowdimensional Bayesian model of image registration to produce appropriate regularization
parameters for training.
3.1 Low-dimensional Bayesian Model of Registration
In contrast to previous approaches, our proposed model is parameterized in a bandlimited
velocity space Ṽ , with parameter α enforcing the smoothness of transformations.
Assuming an independent and identically distributed (i.i.d.) Gaussian noise on image
intensities, we obtain the likelihood


1
1
−1
2
2
√
,
σ
)
=
p(T | S ◦ ϕ−1
−
T
||
(4)
exp
−
||S
◦
ϕ
2 ,
1
1
2σ 2
( 2πσ 2 )M
where σ 2 is the noise variance and M is the number of image voxels. The deformation ϕ−1
1
−1
−1
corresponds to ϕ̃−1
1 in Fourier space via the Fourier transform F(ϕ1 ) = ϕ̃1 , or its inverse
−1 (ϕ̃−1 ). The likelihood is defined by the residual error between a target image
ϕ−1
1
1 = F
and a deformed source at time point t = 1. We assume the definition of this distribution is
after the fact that the transformation field is observed through geodesic shooting; hence is
not dependent on the regularization parameters.
Analogous to (Wang et al., 2018), we define a prior on the initial velocity field ṽ0 as a
complex multivariate Gaussian distribution, i.e.,


1
1
p(ṽ0 |α) =
− (L̃(α)ṽ0 , ṽ0 ) ,
(5)
M
1 exp
2
(2π) 2 |L̃−1 (α)| 2

3
where | · | is matrix determinant. The Fourier coefficients of L̃ is, i.e., L̃ = αÃ + 1 ,
P
Ã(ξ1 , . . . , ξd ) = −2 dj=1 (cos(2πξj ) − 1). Here Ã denotes a negative discrete Fourier Laplacian operator with a d-dimensional frequency vector (ξ1 , . . . , ξd ), where d is the dimension
of the bandlimited Fourier space.
Combining the likelihood in Eq. (4) and prior in Eq. (5) together, we obtain the negative
log posterior distribution on the deformation parameter parameterized by ṽ0 as
2
1
∥S ◦ ϕ−1
1
1 − T ∥2
− ln |L̃| + 2M ln σ + M ln(2π). (6)
− ln p(ṽ0 | S, T, σ 2 , α) = (L̃ṽ0 , ṽ0 ) +
2
2
2σ
2
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Next, we optimize Eq. (6) over the regularization parameter α and the registration
parameter ṽ0 by maximum a posterior (MAP) estimation using gradient descent algorithm.
Other optimization schemes, such as BFGS (Polzin et al., 2016), or the Gauss-Newton
method (Ashburner and Friston, 2011) can also be applied.
Gradient of α. To simplify the notation, first we define f (ṽ0 ) ≜ − ln p(ṽ0 | S, T, σ 2 , α).
Since the discrete Laplacian operator L̃ is a diagonal matrix in Fourier space, its determinant
d
Y
can be computed as
(αÃj + 1)3 . Therefore, the log determinant of L̃ operator is
j=1
d
X
ln |L̃| = 3
(αÃj + 1).
j=1

We then derive the gradient term ∇α f (ṽ0 ) as
d

3 X Ãj
− ⟨(αÃ + 1)5 Ãṽ0 , ṽ0 ⟩].
∇α f (ṽ0 ) = − [
2
αÃj + 1

(7)

j=1

Gradient of ṽ0 . We compute the gradient with respect to ṽ0 by using a forwardbackward sweep approach developed in (Zhang et al., 2017). Steps for obtaining the gradient
∇ṽ0 f (ṽ0 ) are as follows:
(i) Forward integrating the geodesic shooting equation Eq.(2) to compute ṽ1 ,
(ii) Compute the gradient of the energy function Eq. (3) with respect to ṽ1 at t = 1,


1
−1
−1
−1
∇ṽ1 f (ṽ0 ) = L̃ (α)
(S ◦ ϕ1 − T ) · ∇(S ◦ ϕ1 ) .
(8)
σ2
(iii) Bring the gradient ∇ṽ1 f (ṽ0 ) back to t = 0 by integrating adjoint Jacobi fields backward in time (Zhang et al., 2017),
dv̂
= −ad†ṽ ĥ,
dt

dĥ
= −v̂ − adṽ ĥ + ad† ṽ,
ĥ
dt

(9)

where v̂ ∈ V are introduced adjoint variables with an initial condition ĥ = 0, v̂ =
∇ṽ1 f (ṽ0 ) at t = 1.
A summary of the optimization is in Alg. 1. It is worthy to mention that our lowdimensional Bayesian framework developed in bandlimited space dramatically speeds up
the computational time of generating training regularity parameters by approximately ten
times comparing with high-dimensional frameworks.
3.2 Network Architecture
Now we are ready to introduce our network architecture by using the estimated α and
given image pairs as input training data. Fig. 2 shows an overview flowchart of our proposed learning model. With the optimal registration regularization parameter αopt obtained
6
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Algorithm 1: MAP of low-dimensional Bayesian registration model for training
data generation.
Input : source image S and target image T , step size ϵ, step size τ , iterations r,
algorithm stop criterion rate u, counter q, minimal convergence iteration
qmin
Output: optimal smoothness level αopt , and registration solution ṽ0
/* Low-dimensional MAP Estimation for α
*/
1 for i = 1 to r do
2
1. Compute gradient ∇α f (ṽ0 ) by Eq. (7);
/* Update α when its gradient is greater than zero;
*/
2
3
2. if ∥∇α f (ṽ0 )∥ > 1e − 6 then
4
αopt ← αopt − τ ∇α f (ṽ0 );
5
else
6
break;

12

3. Forward integrating the geodesic evolution equation in Eq. (2) with initial
velocity ṽ0 ;
4. Compute gradient ∇ṽ1 f (ṽ0 ) by Eq. (8) then backward integrating adjoint
equations Eq. (9) to generate ∇ṽ0 f (ṽ0 ) at t = 0;
/* Update ṽ0 when its gradient is greater than zero;
*/
5. if ∥∇ṽ0 f (ṽ0 )∥2 > 1e − 6 then
ṽ0 ← ṽ0 − ϵ∇ṽ0 f (ṽ0 );
else
break;

13

/* Compute algorithm stop rate
6. Compute total energy Eq. (6) for i−th iteration as Obji ;

7

8

9
10
11

14
15
16
17

18
19
20
21
22

*/

Obj −Obj

i
i−1
< u then
7. if
Obji
q =q+1 ;
else
continue;

/* Convergence check
8. if q ≥ qmin then
break ;
else
continue;

*/

End

from an image pair (as described in Sec. 3.1), a two-stream CNN-based regression network
takes source images, target images as training data to produce a predictive regularization
parameter. We optimize the network H(S, T ; W ) with the followed objective function,
Eloss = Err[H(S, T ; W ), αopt ] + Reg(W ),
7
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where Reg(W ) denotes the regularization on convolution kernel weights W . Err[·, ·] denotes
the data fitting term between the ground truth and the network output. In our model,
we use L2 norm for both terms. Other network architectures, e.g. 3D Residual Networks
(3D-ResNet) (Hara et al., 2017) and Very Deep Convolutional Networks (3D-VGGNet) (Simonyan and Zisserman, 2014; Yang et al., 2018) can be easily applied as well.
Source channel
…

2B × 163

Target channel

2B × 43

Eloss
(S, T; W )

~

…
2B × 83

Avgpool

B × 1283

Fusion channel

B × 163

B × 643

B × 128

S

α opt

T
…
3

B × 128

B × 643

B × 163

3D convolution

3D max-pooling

BN + PreLU

Fully connected

Average pooling

ReLU

Figure 2: Illustration of our proposed network. From left to right: training data includes
pairwise images, a CNN-based neural network, and a loss computed between the network
output and the optimal parameter αopt , which is estimated from Alg. 1.

In our network, we input the 3D source and target images into separate channels that
include four convolutional blocks. Each 3D convolutional block is composed of a 3D convolutional layer, a batch normalization (BN) layer with activation functions (PReLU or
ReLU), and a 3D max-pooling layer. Specifically, we apply 5 × 5 × 5 convolutional kernel
and 2 × 2 × 2 max-pooling layer to encode a batch (size as B) of source and target images
(1283 ) to feature maps (163 ). After extracting the deep features from source and target
channels, we combine them into a fusion channel, which includes three convolutional blocks,
a fully connected layer, and an average pooling layer to produce the network output.

4. Experiment
To demonstrate the effectiveness of the proposed low-dimensional Bayesian registration
model, we validate it through three sets of experiments. For 2D synthetic data registration,
we deform a binary source image with velocity fields sampled from the prior distribution
in Eq. (5) with known regularization parameters to simulate target images. We show three
convergence graphs of our MAP estimation and compare them with the ground truth parameters.
Similarly, we synthesize 900 image pairs using regularization parameters at different
scales respectively, i.e., α = {0.1, 1.0, 10.0}, to test the performance of our predictive model.
We then use the predicted parameter α to run registration model and show the error maps
between target and deformed images.
8
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For 3D brain MRI registration, we show results on both MAP and our network prediction. We first show the numerical difference between the MAP estimation and our
prediction (i.e. predicted regularization parameter), and then report the mean error of deformed images between both methods across all datasets. We visualize the transformation
grids and report the value of regularization parameters for both methods. To further investigate the accuracy of parameters generated by our model, we perform registration-based
segmentation and examine the resulting segmentation accuracy over nine brain structures,
including cortex, putamen, cerebellum, caudate, gyrus, brain stem, precuneus, cuneus, and
hippocampus. We evaluate a volume-overlapping similarity measurement, also known as
Sørensen−Dice coefficient (Dice, 1945), between the propagated segmentation and the manual segmentation. The statistics of dice evaluation over 150 registration pairs are reported.
We last compare the computational efficiency on both time and memory consumption
of the proposed method with a baseline model that performs Bayesian estimation of regularization parameter in the full spatial domain (Zhang et al., 2013).
To generate the training data of initial velocities, we run the proposed low-dimensional
Bayesian registration algorithms until convergence. We use the Euler integrator in geodesic
shooting and set the of integration steps as 10. We set algorithm stop rate u as 1e − 6 and
minimal convergence iteration qmin as 30. We use optimal truncated dimension for ṽ0 as
16 and σ = 0.03 according to (Zhang et al., 2017). For the network setting, We initialize
the convolution kernel weights using the He normal initializer (He et al., 2015) and use the
Adam optimizer with a learning rate of 5e − 4 until convergence. We set 16 and 1.0e − 4 as
batch size and weight decay. The maximum epoch for 2D and 3D network training is 1000.
4.1 Data
We run experiments on both 2D synthetic dataset and 3D real brain MRI scans.
2D synthetic data. We generate synthetic bull-eye images with the size of 100 × 100 (as
shown in Fig. 3). We manipulate the width a and height b of two ellipses by using equation
2
(x−50)2
+ (y−50)
= 1.
a2
b2
3D brain MRIs. We include 1500 public T1-weighted brain MRI scans from Alzheimer’s
Disease Neuroimaging Initiative (ADNI) dataset (Jack Jr et al., 2008), Open Access Series
of Imaging Studies (OASIS) (Fotenos et al., 2005), and LONI Probabilistic Brain Atlas
Individual Subject Data (LPBA40) (Shattuck et al., 2008), among which 260 subjects have
manual delineated segmentation labels. All 3D data were carefully pre-processed as 128 ×
128 × 128, 1.25mm3 isotropic voxels, and underwent skull-stripped, intensity normalized,
bias field corrected, and pre-aligned with affine transformation.
For both 2D and 3D datasets, we split the images by using 70% as training images, 15%
as validation images, and 15% as testing images such that no subjects are shared across
the training, validation, and testing stage. We evaluate the hyperparameters of models and
generate preliminary experiments on the validation dataset. The testing set is only used
for computing the final results.
4.2 Results
Fig. 3 displays our MAP estimation of registration results including appropriate regularity
parameters on 2D synthetic images. The middle panel of Fig. 3 reports the convergence
9
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α! =

3

of α estimation vs. ground truth. It indicates that our low-dimensional Bayesian model
provides trustworthy regularization parameters that are fairly close to ground truth for
network training. The bottom panel of Fig. 3 shows the convergence graph of the total
energy for our MAP approach.
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Figure 3: Top panel: source image, velocity fields generated from prior distribution and
transformation fields (with known regularization parameter α = 3, 6, 11), and target images
produced by deformed source images; Middle panel: convergence graphs of estimated α by
MAP for training data; Bottom panel: convergence graphs of total energy Eq. (6).
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Fig. 4 further investigates the consistency of our network prediction. The left panel
shows estimates of regularization parameter at multiple scales, i.e., α = 0.1, 1.0, 10.0, over
900 2D synthetic image pairs respectively. The right panel shows the mean error of image
differences between deformed source images by transformations with predicted α and target images. While there are small variations on estimated regularization parameters, the
registration results are very close (with averaged error at the level of 10−5 ).
× 10-5

1.08

Mean error of
deformed image

Predicted α value

10.0

1.0

1.06

1.04

0.1
1.02
0.1

1.0

Ground truth α value

10.0

0.1

1.0

10.0

Ground truth α value

Figure 4: Left: our prediction of regularization parameters over 900 image pairs synthesized
with different ground truth parameters α = 0.1, 1.0, 10.0; Right: error maps of image
differences between deformed and target images.

Fig. 5 shows examples of 2D pairwise image registration with regularization estimated
by MAP and our predictive deep learning model. We obtain the regularization parameter
α = 11.34 (MAP) vs. α = 13.20 (network prediction), and α = 5.44 (MAP) vs. α = 6.70
(network prediction). The error map of deformed images indicates that both estimations
obtain fairly close registration results.
Fig. 6 displays deformed 3D brain images overlaid with transformation grids for both
methods. The parameter estimated from our model produces a comparable registration
result. From our observation, a critical pattern between the optimal αopt and its associate
image pairs is that the value of α is relatively smaller when large deformation occurs. This
is because the image matching term (encoded in the likelihood) requires a higher weight to
deform the source image.
Fig. 7 investigates the consistency of our network prediction over three different datasets
of 3D brain MRI. The left panel shows the absolute value of numerical differences between
predicted regularization parameters and MAP estimations. The right panel shows the voxelwise mean error of image differences between deformed images by transformations with
predicted α and deformed images by MAP. While slight numerical difference on estimated
regularization parameters exists, the 3D deformed images are fairly close (with averaged
voxel-wise error at the level of 10−6 ).
Fig. 8 visualizes three views of the deformed brain images (overlay with propagated
segmentation label) that are registered by MAP and our prediction. Our method produces
a registration solution, which is highly close to the one estimated by MAP. The propagated
11
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0.015
0.01

0.005
0
Source

Target

MAP

Our prediction

Initial velocity
difference

Figure 5: Left to right: two examples of 2D synthetic source, target, deformed images by
MAP and predictive deep learning method, and error maps of deformed image intensity
differences.

segmentation label fairly aligns with the target delineation for each anatomical structure.
While we show different views of 2D slices of brains, all computations are carried out fully
in 3D.
Fig. 9 reports the volume overlapping of nine anatomical structures for both methods,
including Cor(cortex), Puta (putamen), Cere (cerebellum), Caud (caudate), gyrus, Stem
(brain stem), Precun (precuneus), Cun (cuneus), and Hippo (hippocampus). Our method
produces comparable dice scores comparing with MAP estimations. This indicates that the
segmentation-based registration by using our estimation achieves comparable registration
performance with little to no loss of accuracy.
Table. 1 quantitatively reports the averaged time and memory consumption of MAP
estimation in full spatial image domain and our method. The proposed predictive model
provides appropriate regularization parameters approximately 1000 times faster than the
conventional optimization-based registration method with a much lower memory footprint.

Table 1: Time and memory consumption of MAP estimation of regularization in fulldimensional image space vs. our proposed low-dimensional Bayesian model, as well as
network prediction.
Methods
Runtime (Sec)
Memory (MB)

Full-spatial MAP
1901
450

Low-dimensional MAP
257
119

12

Network Prediction
2.16
34.4

Deep Learning for Regularization Prediction

Source

Target

MAP

Our prediction

Figure 6: Left to right: source, target, deformed images overlaid with the transformation
grids generated by both methods. The optimal and predicted value of α for two showcases
are (8.90, 9.20) and (3.44, 2.60).

13

2.8

9.20

2.4

9.00

Mean error of
deformed image

Absolute diﬀerence between
predicted value and MAP value
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2.0
1.6
1.2
0.8

× 10-6

8.80
8.60
8.40

0.4
0.0

8.20

ADNI

LPBA40

ADNI

OASIS

LPBA40

OASIS

Figure 7: Left: statistics of the difference between our prediction and MAP estimation over
300 image pairs from three data sets, ADNI, LPBA40, and OASIS; Right: error maps of
image differences between deformed image by our prediction and MAP estimation.

Source

Target

MAP

Our prediction

Figure 8: Axial, coronal and sagittal view of 3D segmentation labels with nine anatomical
structures overlaid with source, target, deformed images by our low-dimensional MAP (α =
8.91) and our network prediction (α = 6.80).

5. Conclusion
In this paper, we proposed a deep learning-based approach to model the relationship between
the regularization of image registration and the input image data. We first developed a low14
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Figure 9: Dice scores of propagated manual segmentations for both methods for 150 registration pairs. Evaluations are performed over nine anatomical brain structures, Cor (cortex),
Puta (putamen), Cere (cerebellum), Caud (caudate), gyrus, Stem (brain stem), Precun
(precuneus), Cun (cuneus) and Hippo (hippocampus).

dimensional Bayesian model that defines image registration entirely in a bandlimited space.
We then learned the mapping between regularization parameters and spatial images through
a CNN-based neural network. To the best of our knowledge, we are the first to predict
the optimal regularization parameter of diffeomorphic image registration by deep learning
approaches. In contrast to existing methods, our developed model substantially improves
the efficiency and the robustness of image registration. Our work has great potential in a
variety of clinical applications, e.g. image-guided navigation system for neurosurgery in realtime. Potential future work may include: i) extending the current model to further consider
adversarial examples, i.e., image outliers with significant differences; and ii) developing an
unsupervised learning of registration parameter estimation to eliminate the need of training
data generation (ground truth labels).
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