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Abstract

The differentiable shift-variant filtered backprojection (SV-FBP) framework enables data-driven estimation of redundancy
weights for cone-beam CT reconstruction under general source trajectories, removing the need for analytically derived
weighting schemes. In this work, we present a systematic study of the robustness and adaptability of differentiable
SV-FBP under challenging acquisition settings. We show that the framework remains stable across highly irregular
and discontinuous trajectories, indicating that reconstruction performance is largely insensitive to trajectory ordering
or continuity. Instead, the spatial distribution of sampling points plays a more dominant role. Under sparse-view
conditions, differentiable SV-FBP achieves competitive reconstruction quality while providing an order-of-magnitude
reduction in computation time compared to iterative reconstruction methods at moderate sampling densities. However,
we identify a clear transition regime under severe undersampling, where the absence of iterative data consistency
leads to performance degradation. Furthermore, we demonstrate that the framework remains applicable to non-planar
multi-isocenter geometries, such as Lissajous-saddle trajectories, without requiring architectural modifications. These
findings provide new insights into the behavior and limitations of the differentiable SV-FBP model and highlight it as a
flexible and efficient solution for non-standard and robotic CBCT acquisition scenarios.
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has enabled the exploration of scanning trajectories be-
yond conventional circular scans. These systems can follow
non-circular paths tailored to patient anatomy and specific
clinical requirements (Hatamikia et al., 2022). For example,
sinusoidal trajectories and other carefully designed acquisi-
tion paths have been shown to significantly reduce metal
artifacts (Gang et al., 2020a,b). Optimized trajectories can
also improve image quality while reducing the number of
required projections (Herl et al., 2020). Saddle trajectories,
in particular, have proven effective in mitigating cone-beam

1. Introduction

one beam Computed tomography (CBCT) is a
C widely used imaging modality in operating rooms,
enabling the acquisition of three-dimensional (3D)
images within a single rotation at a relatively low radiation
dose. Its compact design and rapid acquisition capability
make it particularly well suited for image-guided interven-
tions such as angiography and spine surgery. Nevertheless,
maintaining high image quality in these dynamic settings

remains challenging, particularly in the presence of metal im-
plants, which frequently cause artifacts and reconstruction
errors.

In recent years, the advent of robotic C-arm systems

artifacts and enabling reliable reconstruction even in the
presence of axial truncation (Pack et al., 2004).

However, non-circular trajectories also pose substantial
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challenges for image reconstruction. The Feldkamp-Davis-
Kress (FDK) algorithm (Feldkamp et al., 1984), one of the
most widely used reconstruction methods, assumes a circular
orbit and therefore degrades markedly when this assumption
is violated. lterative approaches such as model-based iter-
ative reconstruction (MBIR) (Liu, 2014) can achieve high
reconstruction accuracy for more general trajectories, but
they typically require substantial computational resources.
In addition, the design of suitable regularization terms for
MBIR is often challenging, which further limits its practical
applicability.

To address this issue, Defrise and Clack proposed a shift-
variant filtered backprojection (FBP) algorithm that adapts
to varying scanning geometries (Defrise and Clack, 1994).
Although this approach considerably reduces reconstruction
time compared with iterative methods, it still requires the es-
timation of trajectory-dependent weights. Importantly, the
analytical form of these weights depends on the derivative
of the scanning trajectory, which makes the method difficult
to apply to discontinuous or piecewise-defined acquisition
paths.

In our previous work (Ye et al., 2024), we introduced
a differentiable reconstruction framework based on shift-
variant filtered backprojection and known-operator learning,
in which redundancy weights are estimated in a data-driven
manner. The initial conference version established the core
formulation, while subsequent studies extended the eval-
uation to more challenging trajectory settings, including
continuous non-circular scans (Ye et al., 2025b) and dis-
continuous random trajectories (Ye et al., 2025a).

This paper is intended as a systematic extension of
these earlier studies rather than as a new reconstruction
architecture. While prior work demonstrated the feasibility
of differentiable SV-FBP under selected trajectory classes,
several practical questions remain open, including the sen-
sitivity of the framework to trajectory discontinuity and
sampling order, the sparse-view conditions under which its
performance begins to deteriorate relative to iterative re-
construction, and whether the method remains applicable
beyond fixed-isocenter acquisition geometries. To address
these questions, we retain the core differentiable SV-FBP
architecture and extend the evaluation in three directions:

» Robustness under discontinuous trajectories. |In
addition to random and random nearest-neighbor re-
ordered trajectories, we include random farthest-neighbor
reordered trajectories to assess stability under more ag-
gressive discontinuities and spatial irregularity. Our re-
sults show that reconstruction performance is largely
insensitive to trajectory ordering or continuity and is in-
stead governed more strongly by the spatial distribution
of sampling points.

= Sparse-view performance and limitation analysis. We

= Evaluation beyond fixed-isocenter scans.

evaluate the framework under varying levels of projection
sparsity and identify a transition regime in sparse-view re-
construction, where differentiable SV-FBP remains com-
petitive at moderate sampling densities but degrades
under severe undersampling because it lacks iterative
data consistency.

To ad-
dress the restriction of earlier robustness studies to fixed-
isocenter trajectories, we further evaluate the framework
on a Lissajous-saddle trajectory with a continuously vary-
ing rotation center, thereby examining its applicability in
a multi-isocenter acquisition setting.

The remainder of this paper is organized as follows.
Section 2 reviews related work. Section 3 introduces the
theoretical background and describes the source trajectory
designs used in the experiments. Sections 4 and 5 present
the experimental setup and results, including trajectory ro-
bustness and sparse-view reconstruction analyses. Section 6
discusses the main findings, and Section 7 concludes the
paper and outlines possible directions for future work.

2. Related Work

In this section, we briefly review representative reconstruc-
tion methods most relevant to the present study, includ-
ing conventional CBCT reconstruction methods and deep
learning-based approaches for non-circular trajectories.

2.1 Conventional CBCT Reconstruction Methods

Early CBCT reconstruction methods primarily relied on an-
alytic algorithms, with the Feldkamp—Davis—Kress (FDK)
algorithm (Feldkamp et al., 1984) being the most widely
used. FDK has been demonstrated to offer high computa-
tional efficiency and enable fast 3D reconstruction under
ideal circular trajectories with uniform angular sampling.
As a FBP-type method, it is computationally efficient and
well suited for fast 3D reconstruction in practice. However,
its performance is significantly degraded by non-circular
trajectories, which limits its applicability in robotic C-arm
systems.

To handle non-circular trajectories, model-based itera-
tive reconstruction (MBIR) methods (Liu, 2014) have been
widely employed. These methods involve multiple forward
and backward projection computations with the objective
of iteratively reconstructing the image. Although they offer
high reconstruction accuracy, their heavy computational bur-
den and slow convergence limit their suitability for real-time
clinical applications. Furthermore, designing appropriate
regularization terms is often non-trivial and further increases
implementation complexity.

Grangeat's method established the relationship between
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cone-beam projection data and a function associated with
the 3D Radon transform of the object, providing an impor-
tant theoretical basis for reconstruction from non-circular
trajectories (Grangeat, 1991). Based on this formulation,
exact reconstruction for general source trajectories becomes
possible in principle. In practice, however, the need to con-
struct a high-dimensional intermediate function makes the
reconstruction process relatively slow and memory-intensive.

Building on Grangeat's formulation, Defrise and Clack
proposed the Shift-Variant Filtered Backprojection (SV-
FBP) algorithm, which introduces trajectory-dependent
redundancy weights to address the issue that multiple cone-
beam projections may contribute redundant information
in the Radon domain. The elimination of the 3D rebin-
ning step enables rapid reconstruction under non-circular
trajectories (Defrise and Clack, 1994).

2.2 Deep Learning-Based Reconstruction Methods

In recent years, deep learning has been increasingly applied
to CBCT reconstruction tasks (Koetzier et al., 2023). End-
to-end networks such as AUTOMAP (Zhu et al., 2018)
and iRadonMAP (He et al., 2020) learn a direct mapping
from projection data, typically acquired along the circular
trajectory, to reconstructed images. These methods have
shown promising results in low-dose CT applications and
artifact reduction. However, when applied to projection data
from non-circular trajectories, the variability in the input
increases significantly, requiring larger network capacity to
effectively model the complex mapping.

Additionally, recent Al-based approaches such as Neu-
ral Radiance Fields (NeRF) (Wang et al., 2024), implicit
neural representations (INR) (Molaei et al., 2023), and
3D Gaussian Splatting (Li et al., 2023; Lin et al., 2024;
Wu et al., 2024) have achieved remarkable progress in 3D
scene reconstruction from natural images. Their strong
representational power makes them theoretically appealing
for CBCT reconstruction under non-circular trajectories.
However, these methods typically require scene-specific op-
timization or retraining for each new object, often taking
several minutes to hours, which is impractical for time-
sensitive clinical applications. Moreover, these methods are
generally considered “black-box” models with limited in-
terpretability, raising concerns regarding their transparency
and reliability in medical imaging.

To improve interpretability and incorporate physical pri-
ors, the Known Operator Learning framework has been
proposed, which involves integrating known operators as
prior knowledge into machine learning models (Maier et al.,
2019). This approach reduces model complexity by minimis-
ing the number of trainable parameters, thereby reducing
the amount of training data required and the maximal er-
ror bounds. This precision learning strategy has already
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been successfully applied in medical imaging and has shown
promising results (Wiirfl et al., 2018; Syben et al., 1807;
Sun et al., 2025).

3. Methods
3.1 Shift-Variant FBP Algorithm

The shift-variant FBP algorithm, proposed by Defrise and
Clack (Defrise and Clack, 1994), has been developed to
reconstruct CBCT data with a specific trajectory. The
reconstruction formula is as follows:

1

n(el, N &'((x —a(N)-0)S(9, ).

[a'(A) - 0|

(1)

In this formula, A € A refers to the parameter defining
the source position a()\), while 6 € S2, where S? rep-
resents the set of all unit vectors in R3. The function
S(60, A) is Grangeat's intermediate function, which connects
cone-beam projections to the first derivative of the Radon
transform. Additionally, n(6, \) denotes the number of
intersections between the trajectory a(A) and the plane
orthogonal to 6, passing through the point a(\) along the
trajectory.

In equation (1), the function n(#, ) exhibits discon-
tinuities, which can result in artifacts during discrete im-
plementations. In order to resolve this issue, Defrise and
Clack replaced the crofton symbol n((},/\) with a smooth,
differentiable function:

|a'(\) -0 ™ e(N)
SO L@l (Aa) - 0 ™ ¢(Aa)

MO, = , (2)

where m is a positive integer greater than 2, ¢()) is a
smooth function that is equal to one across almost the
entire interval A, except near the interval boundaries, where
it tends toward 0.

Nevertheless, the practical calculation of equation (2)
presents a number of challenges. For instance, selecting an
appropriate parameter m for a given trajectory geometry
requires experiments. Furthermore, computing the gradient
of the trajectory a’(\) for discontinuous orbits is impossible.
This limitation is one of the main motivations for the data-
driven formulation introduced in the next subsection.

To enable practical implementation, Defrise and Clack
explicitly rewrote Equation (1) for the case in which cone-
beam data are acquired on a flat planar detector. The
geometry is described in the detector coordinate system,
where each projection is recorded using detector coordinates
(u,v), and D denotes the distance from the X-ray source
to the detector. The reconstruction process can be decom-
posed into three steps. First, the cone-beam projections
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1. Grangeat intermediate function.

2. Filter the cone-beam data.

3. Backprojection to the 3D volume.
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Figure 1: Differentiable shift-variant FBP model architecture.

are transformed into Grangeat's intermediate function via:

i .

f: o
(3)

Then, within the sinogram domain parameterized by
(s, ), Grangeat's intermediate function is weighted and
differentiated before being mapped back to the detector
coordinate system:

Dg(z,y,\)

1/U2+’U2+D2

D2

S(s, p,A)

0 Si(s, s A)

F 2 2 2 T
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(4)

5 [V M0, )86, ).

Finally, the filtered data are backprojected into the
image volume through a weighted backprojection step (5),
yielding the final reconstruction result without requiring 3D
rebinning.

x —a(A)
|z —a(N) |

1
f@) = [ Ao A 6)

3.2 Differentiable Shift-Variant FBP Neural Network

Building on the analytical SV-FBP formulation, our previous
work (Ye et al., 2024) introduced a differentiable recon-
struction model for CBCT under general source trajectories.
Following the principle of known operator learning, the
original reconstruction pipeline is reformulated as a neural
network in which the analytical operators are retained ex-
plicitly and only the trajectory-dependent weighting term is

learned from data. This leads to the following differentiable
representation:

f(.CU) = AgdwdAgdDwredwsinoDA2dwcosg(x7 Y, )‘) (6)
as illustrated in Figure 1.

In this formulation, a cosine weight weys is first ap-
plied to the projection data g(x,y, ), followed by a 2D
Radon transform A,y. A differentiation operator D and
the weighting term wg;n, are then used in the sinogram
domain to compute Grangeat's intermediate representation.
The trajectory-dependent factors in Eq. (1), namely —1

n(6,A
and | a/(\)-6 |, are absorbed into a redundancy we(ighzc
Wred, Which is modeled as a trainable parameter. After
applying a second differentiation, the data are mapped back
to the detector domain by AQTd, weighted by wy, and fi-
nally reconstructed into the image volume through the 3D
backprojection operator Al ,.

A key property of this formulation is that only the
redundancy weights are learned, while all remaining compo-
nents follow a differentiable implementation of the original
SV-FBP algorithm (Defrise and Clack, 1994). This sub-
stantially reduces the number of trainable parameters and
preserves the interpretability of the reconstruction pipeline,
while enabling data-driven adaptation to different trajectory
geometries.

3.3 Trajectory Design

To assess the robustness of our model under different acqui-
sition conditions, we consider two complementary classes
of trajectories. The first class comprises fixed-isocenter ran-
domized trajectories, which are designed to challenge the
reconstruction with respect to sampling continuity and angu-
lar ordering. The second class consists of a multi-isocenter
trajectory, which extends the evaluation to geometries in
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Figure 2: lllustration of the three source trajectory types: (a) Random Trajectory (RT), (b) Random Nearest-Neighbor
Reordered (RNNR), and (c) Random Farthest-Neighbor Reordered (RFNR).

which the rotation center varies continuously throughout
the scan. Together, these two classes allow us to separately
examine the effects of sampling irregularity and geometric
non-stationarity.

3.3.1 Fixed-Isocenter Trajectories

The fixed-isocenter trajectories are constructed under the
assumption that the object lies at the center of a spherical
acquisition surface and that all source positions are located
on a shell of fixed radius R. The source position is expressed
in spherical coordinates as

x R cos 6; cos ¢;
Si(0i,0i) =1 y | = | Rsinb;cos¢; |, (7)
z Rsin ¢;

where 0; € [0,27) denotes the in-plane rotation angle
(gantry angle), and ¢; € [—dmax, Pmax| denotes the out-of-
plane tilt. In our experiments, R = 750 mm and ¢ax = 10°
were chosen to reflect the mechanical constraints of the
Artis zeego system. For each source position, the detector
is oriented such that its central axis points toward the
isocenter. The horizontal and vertical detector axes are
defined to form a right-handed orthonormal coordinate
system, ensuring a consistent projection geometry across
all views.

We construct three variants of this trajectory class,
illustrated in Fig. 2:

1. Random Trajectory (RT): 6; and ¢; are sampled inde-
pendently from uniform distributions:

Hi ~ Z/{(O, 277); (bz ~ u(_(ﬁmaxa (bmax)-

This produces a fully randomized source trajectory.

(8)

2. Random Nearest-Neighbor Reordered (RNNR): Given
a random set {S;}¥,, the source positions are reordered
to minimize jumps between consecutive views:

(9)

ip+1 = argmin |[s; —s;,||.

JE{is i}
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Starting from an initial source position, this produces a
relatively continuous traversal while preserving the under-
lying random sampling locations.

3. Random Farthest-Neighbor Reordered (RFNR): In

contrast, the source positions are reordered to maximize
jumps between consecutive views:

(10)

ik+1 = argmax ||s; — s;, ||

JE{i1,in}
This yields the most aggressive discontinuity pattern
among the fixed-isocenter trajectories and therefore rep-
resents the most challenging case in this trajectory class.

3.3.2 Multi-Isocenter Trajectory

While the fixed-isocenter trajectories above probe the effect
of sampling irregularity, they do not alter the underlying ac-
quisition geometry. To extend the evaluation beyond fixed-
isocenter scans, we introduce a Lissajous-saddle trajectory
in which the effective rotation center varies continuously
throughout the acquisition. This produces a non-planar and
asymmetric source path that cannot be approximated by a
conventional circular scan.

Specifically, the isocenter follows a smooth 3D Lissajous
curve:

C(9) = (Azsin(ab), Aysin(bd +9), A, cos(c@))T,

where A;, Ay, A, are the displacement amplitudes along the
three axes, a, b, ¢ are mutually coprime integers controlling
the Lissajous frequencies, and § is a phase offset that breaks
planar symmetry. Simultaneously, the X-ray source executes
a saddle-type out-of-plane motion around the instantaneous
isocenter,

¢(9) = ¢max COS(f@),
which gives the source position at projection angle 6 as

S(0) = C(#) + R(cos O cos ¢, sinbcos ¢, sin qﬁ)T,
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where R denotes the source-to-isocenter distance.
For each projection, the detector coordinate frame is
constructed from the central-ray vector

L C0)-80)
1C(0) —S@O)II’
the horizontal vector
k xe,
h=—_—-"-.
[k x e.||

with e, replaced by e, when |k -e,| > 0.99 to avoid
degeneracy, and the vertical vector

v =k x h.

This defines a consistent detector reference frame despite
the continuously shifting isocenter.

4. Experimental Setup
4.1 Simulation Geometry Configuration

To ensure a consistent and realistic simulation environment,
we replicated the geometry of the clinical Artis zeego C-
arm CT system. The simulated detector operated in a
4 x 4 binning mode, yielding an effective resolution of
620 x 480 pixels with a detector spacing of 0.616 mm. The
source-to-detector distance was set to 1200 mm, and the
source-to-isocenter distance was set to 750 mm, consistent
with the clinical system configuration. The gantry angle ¢
was sampled uniformly over [0,27), and the maximum tilt
angle was fixed at 10°.

For each scan, a 3D volume of size 128 x 512 x 512 voxels
with isotropic voxel spacing of 0.25 mm was reconstructed.
Unless otherwise stated, 400 cone-beam projections were
generated per scan, corresponding to the reference acquisi-
tion setting used throughout the experiments.

4.2 Data Preparation

To evaluate the robustness of differentiable SV-FBP in a
controlled setting, we followed the data generation frame-
work established in our prior work (Ye et al., 2025b) and
combined synthetic training data with a small real-patient
inference set.

Synthetic data. Ground-truth volumes were generated
by placing a random number of geometric primitives with
varying shapes, positions, orientations, and densities into
a voxel volume. In addition, cylinders with randomly sam-
pled diameters were placed along the longitudinal axis to
approximate the structural characteristics of the thoracic
and abdominal regions. To reduce the influence of unrealis-
tically sharp boundaries during training, a Gaussian filter
was applied to each volume before forward projection.

Trajectory instances. For the fixed-isocenter trajectory
classes (RT, RNNR, and RFNR), the gantry angle 6 was
sampled uniformly over [0,27) and the tilt angle ¢ was
sampled independently from U(—@max, @max) for each pro-
jection, with ¢max = 10°. For each fixed-isocenter tra-
jectory type, five independent random seeds were used to
generate five distinct trajectory instances, resulting in 15
fixed-isocenter trajectories in total. This design enables a
controlled analysis of trajectory-dependent variability and
the effect of source ordering.

For the Lissajous-saddle trajectory, projection angles
were distributed uniformly over the full rotation range, while
the rotation center varied continuously according to the
trajectory definition in Section 3.3.2. The parameters used
for this trajectory were A, = 20, A, =15, A, =60, a = 2,
b=3,c=50=m7/4,and f=2.

Training and validation data. For each trajectory in-
stance, 30 cone-beam projection datasets were synthesized
using PyroNN (Syben et al., 2019). Among these, 24 were
used for training and 6 for validation. The final sinograms
were obtained by forward-projecting the synthetic ground-
truth volumes using the corresponding cone-beam geometry
of each trajectory instance.

Real-patient data. To complement the synthetic experi-
ments with more realistic imaging content, we additionally
used 5 patient scans from the publicly available Pancreatic-
CT-CBCT-SEG dataset (Hong et al., 2021). These scans
were forward-projected using the same acquisition geometry
and used for inference-only evaluation.

Sparse-view settings. Sparse-view experiments were de-
rived from the same full-view acquisition geometry by re-
ducing the number of projections from 400 to 300, 200,
and 100 views. This allows the effect of undersampling to
be evaluated while keeping the underlying scan geometry
fixed.

4.3 Implementation Details

The neural network was implemented using the PyTorch
2.1.1 deep learning framework and trained on an NVIDIA
A40 GPU. The network included specialized differentiable
operators from the PyroNN library (Syben et al., 2019) for
2D Radon transforms, 2D backprojection, and 3D cone-
beam backprojection, ensuring physical fidelity in the simu-
lation and reconstruction pipeline.

A Gaussian filter was applied after the redundancy
weight layer. This design helps smooth the weights, prevent-
ing spike-like responses in the filtered projections that would
otherwise lead to reconstruction artifacts. The filter used a
fixed kernel size of 121 and a standard deviation (sigma)
of 20, chosen empirically to ensure sufficient smoothness
without excessively blurring the weight function. The initial-
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Table 1: Comparison of Image Quality Metrics for Different Trajectory Categories.

Differentiable SV-FBP SV-FBP
Trajectory Type  Seed MSE | PSNR (dB) 1 SSIM
Seed0  0.1050 + 0.0157  35.88 + 1.27  0.9209 + 0.0085
Seedl  0.1029 + 0.0170  36.08 + 1.28  0.9240 + 0.0056
RT Seed?2 0.1057 + 0.0176 35.84 + 1.24 0.9210 + 0.0068 N/A
Seed3  0.1020 + 0.0167  36.15 + 1.25  0.9264 + 0.0059
Seed4 0.1037 £+ 0.0172 36.00 + 1.24 0.9223 + 0.0064
Overall 0.1039 + 0.0169 35.98 + 1.26 0.9229 + 0.0070
Seed0  0.1042 + 0.0159  35.95 + 1.26  0.9225 + 0.0079
Seedl  0.1015 + 0.0169  36.19 + 1.28  0.9237 + 0.0059
Seed2  0.1059 + 0.0173  35.82 + 1.25  0.9199 + 0.0070
RVNR Seed3 0.1044 + 0.0163 35.94 +1.24 0.9242 + 0.0058 N/A
Seed4  0.1021 + 0.0167  36.13 + 1.24  0.9248 + 0.0064
Overall 0.1036 + 0.0167 36.01 £+ 1.26 0.9230 + 0.0069
Seed0  0.1041 + 0.0160  35.95 + 1.25  0.9208 + 0.0079
Seedl  0.1023 + 0.0172  36.13 +1.29  0.9248 + 0.0056
Seed2  0.1055 + 0.0172  35.85 + 1.26  0.9235 + 0.0068
RENR Seed3  0.1023 + 0.0165  36.12 + 1.27  0.9259 + 0.0063 N/A
Seed4 0.1057 £ 0.0170 35.84 £ 1.24 0.9180 £ 0.0067
Overall 0.1040 + 0.0168 35.98 + 1.26 0.9226 + 0.0067
ization of the redundancy weight layer was conducted using 5. Results

values drawn from a uniform distribution within the interval
[—1,0], as we observed that the learned weights tend to
exhibit a globally negative bias. This initialization provides
a more suitable starting point and empirically accelerates
convergence.

4.4 Loss Function and Optimization

The loss function used to guide training consists of two
complementary terms: the mean squared error (MSE) loss
Lmse and the structural similarity index measure (SSIM) loss
Lssim- These were linearly combined by a fixed weighting
factor v of 5 x 1073, promoting both pixel-wise accuracy
and perceptual fidelity in the reconstructions. Prior to
computing the loss, both predicted and reference volumes
were normalized to the range [0, 1] to ensure numerical
stability and comparability across samples. The loss function
is defined as follows:

(11)

Parameter updates were performed using the AdamW
optimizer with a one-cycle learning rate policy. The learning
rate was cycled between 0.2 and 2 over 500 epochs, enabling
faster convergence. Since only the redundancy weights
were optimized, this comparatively large range was stable
in practice.

ﬁtotal = ﬁmse + - £ssim7
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This section presents the experimental results along three di-
mensions: fixed-isocenter trajectory robustness (Section 5.1),
sparse-view reconstruction performance (Section 5.2), and
evaluation on a multi-isocenter geometry (Section 5.3).

5.1 Fixed-Isocenter Trajectory Robustness

In order to comprehensively assess the reconstruction per-
formance under varying trajectory types, experiments were
conducted on RT, RNNR, and RFNR trajectories, respec-
tively. For each trajectory type, five distinct geometries
were generated using different random seeds, and for each
geometry, five test samples were created, resulting in 25
test cases per trajectory type and 75 in total, as described
in Section 4.2. Quantitative evaluation metrics, namely
MSE, peak signal-to-noise ratio (PSNR), and SSIM, were
calculated for each case.

The quantitative results are summarized in Table 1. For
each trajectory type, the reported values correspond to
the mean and standard deviation over the five trajectory
instances generated from different random seeds.

Across all three trajectory types, the results are highly
consistent across random seeds, indicating stable reconstruc-
tion performance of differentiable SV-FBP under different
fixed-isocenter sampling patterns. In particular, even un-
der the more aggressive RFNR ordering, the framework
achieves reconstruction quality comparable to that of RT
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Figure 3: Representative reconstructions for different trajectory types (Seed 0). Visualization parameters: window width
= 400, window level = 60, both in Hounsfield Units (HU). (a) RNNR trajectory. (b) RFNR trajectory. (c) Sinusoidal

trajectory. (d) Ground truth.

and RNNR. This suggests that, within the tested trajectory
classes, reconstruction quality is not primarily determined
by trajectory ordering or continuity alone.

In Table 1, N/A indicates that analytical SV-FBP is
not applicable to the discrete trajectories considered here.
Since the analytical formulation relies on continuous trajec-
tory derivatives and more regular sampling assumptions, it
cannot be directly applied to the irregular and non-uniform
trajectories used in this study.

Figure 3 provides representative visual examples for
the different trajectory types and shows that high-quality
reconstructions are obtained across RT, RNNR, and RFNR
despite the differing degrees of trajectory discontinuity.

For comparison, our previous work (Ye et al., 2025b)
reported an MSE of 0.0904 + 0.0149, a PSNR of 37.20 +
1.34, and an SSIM of 0.9591 + 0.0051 for a continuous
sinusoidal trajectory. Compared with those results, the
present discontinuous fixed-isocenter trajectories lead to
a moderate reduction in reconstruction quality, which is
consistent with the increased sampling irregularity. This
trend is also visible in Fig. 3, where the discontinuous
trajectories exhibit more pronounced streaking artifacts
than the continuous sinusoidal reference.

To further investigate the behavior of the learned re-
dundancy weights across different fixed-isocenter trajectory
classes, we additionally visualized representative weights
for RT, RNNR, and RFNR after restoring the reordered
trajectories to the same source-position indexing as RT.
Figure 4 shows four representative projection indices. After
this alignment, the learned weights exhibit highly similar
spatial patterns across the three trajectory classes, with
corresponding peaks, valleys, and smooth transitions ap-

(b) RNNR

Figure 4: Visualization of learned redundancy weights for
different fixed-isocenter trajectory classes after restoring
RNNR and RFNR to the same source-position indexing as
RT. Each row corresponds to one representative projection
index (0, 100, 200, and 300), and each column corresponds
to one trajectory type. After alignment, the learned weights
exhibit highly similar spatial patterns across RT, RNNR, and
RFENR, with differences mainly confined to local amplitude
variations.

pearing at comparable locations. The remaining differences
are mainly local and do not change the overall structure of
the learned weighting behavior.
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Table 2: Quantitative results for sparse-view reconstruction.

Algorithm #Projections MSE | PSNR (dB) 1t SSIM 1
400 0.1041 £+ 0.0160 35.95 + 1.25 0.9208 + 0.0079

SV.EBP 300 0.1145 + 0.0183 35.14 + 1.26 0.9056 + 0.0081
200 0.1253 + 0.0204 34.36 + 1.30 0.8859 + 0.0106
100 0.1551 + 0.0265 32.52 +1.29 0.8353 + 0.0143
400 0.1226 + 0.0338 34.74 + 1.52 0.9140 + 0.0210

AIR(50 iterations) 300 0.1235 + 0.0240 3453 +1.18 0.9175 + 0.0115
200 0.1315 +£ 0.0255 33.99 + 1.37 0.9119 4+ 0.0121
100 0.1507 + 0.0285 32.79 + 1.13 0.8875 =+ 0.0084

5.2 Sparse-View Reconstruction Analysis

Because sparse-view reconstruction is of practical interest
for reducing radiation dose and scan time, we further eval-
uated differentiable SV-FBP under progressively reduced
projection counts. As a reference baseline, we included an
algebraic iterative reconstruction (AIR) method with 50
iterations. AIR was implemented using the same PyroNN
library and without additional regularization, ensuring a
controlled comparison.

Table 2 summarizes the quantitative results for 400,
300, 200, and 100 projections. As expected, both methods
show a gradual decline in reconstruction quality as the
number of projections decreases. At moderate sampling
densities (300-400 views), differentiable SV-FBP remains
competitive with AIR and achieves comparable or slightly
better PSNR and SSIM while reducing reconstruction time
by approximately one order of magnitude. This indicates
that the practical operating range of differentiable SV-FBP
extends well into moderately undersampled settings.

Under more severe undersampling (100-200 views), how-
ever, the reconstruction quality of SV-FBP degrades more
noticeably and gradually falls behind the iterative base-
line. This transition is consistent with the absence of
iterative data consistency in the SV-FBP pipeline, whereas
AIR can partially compensate for sparse or inconsistent
measurements through repeated updates. These results
therefore identify a clear data-sufficiency boundary: in the
present setup, differentiable SV-FBP remains competitive
at 300—-400 views but becomes less reliable under stronger
undersampling.

Although AIR would likely improve further with more
iterations, our previous study (Ye et al., 2025b) showed
that differentiable SV-FBP can approach the performance of
AIR with 100 iterations when trained with a lower learning
rate and longer optimization. In the present study, AIR
with 50 iterations was selected as a practical baseline to
balance reconstruction quality and computational cost, since
our focus is on the effect of trajectory complexity and
sampling density rather than on exhaustive optimization of
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the iterative method.

To complement the quantitative results, Figure 5 shows
representative reconstructions for 100, 200, 300, and 400
projections using the RFNR trajectory (Seed 0). Across all
projection counts, SV-FBP preserves comparatively sharp
structural boundaries. As the number of projections de-
creases, both methods exhibit increasing artifacts and detail
loss, consistent with the quantitative trends in Table 2.
Visually, AIR tends to suppress streaking artifacts more
effectively under severe undersampling, but its reconstruc-
tions appear slightly smoother. In contrast, differentiable
SV-FBP maintains clearer edges while showing more visible
undersampling artifacts in the most challenging cases.

5.3 Evaluation on a Multi-Isocenter Geometry

The experiments above establish that the differentiable
SV-FBP framework is robust to sampling irregularity and
source ordering within fixed-isocenter geometries. To ex-
tend the evaluation beyond this setting, we further assess
the framework on the Lissajous-saddle trajectory introduced
in Section 3.3.2, in which the rotation center varies contin-
uously throughout the scan.

Quantitative results are summarized in Table 3. The
MSE, PSNR, and SSIM obtained for the Lissajous-saddle
trajectory are comparable to those observed for the fixed-
isocenter sinusoidal trajectory, indicating that the contin-
uously varying isocenter does not substantially degrade
reconstruction quality in the present setup. Representative
reconstructions in Fig. 6 further show that fine structural
details are recovered with only limited artifacts.

Taken together, these results show that differentiable
SV-FBP remains applicable in a multi-isocenter acquisition
setting without requiring architectural modification. This
experiment therefore extends the robustness evaluation
beyond the fixed-isocenter geometries considered in prior
studies.
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Axial

Coronal

Sagittal

Axial

Coronal

Figure 5: Representative sparse-view reconstructions using the RFNR trajectory (Seed 0). Visualization parameters:
window width = 400 and window level = 60, both in Hounsfield Units (HU). The top row shows reconstructions obtained
with differentiable SV-FBP, and the bottom row shows AIR (50 iterations). (a) 100 projections. (b) 200 projections. (c)

300 projections. (d) 400 projections.

Table 3: Quantitative results for the Lissajous-saddle tra-
jectory (mean =+ standard deviation).

MSE| PSNR (dB)t SSIM?t
Our 0.0984+ 0.0127  36.41+ 1.33  0.9521+0.0080
AIR(50) 0.11584 0.0260 35.164 1.52  0.9224::0.0292

6. Discussion

Trajectory continuity versus sampling distribution. One
of the main observations of this study is that trajectory
continuity alone is not the dominant factor governing re-
construction quality. Although continuous trajectories such
as the sinusoidal scan still provide the best overall perfor-
mance, reordering randomly sampled source positions into
a more continuous traversal (RNNR) does not lead to a
substantial improvement over unreordered random trajecto-
ries. This suggests that, for a fixed set of sampling points,
reconstruction quality is influenced more strongly by the

spatial distribution of those points than by the continuity
of the traversal path itself.

This interpretation is further supported by the analysis
of the learned redundancy weights. After restoring RNNR
and RFNR to the same source-position indexing as RT, the
corresponding weight maps exhibit highly similar spatial
patterns across the three trajectory classes. This indicates
that different traversal orders mainly affect the ordering
of the learned weights rather than their overall structure.
In other words, continuity can be beneficial, but it can-
not compensate for information loss caused by irregular or
sparse spatial sampling. This distinction is important when
interpreting the robustness of differentiable SV-FBP under
discontinuous trajectories.

Operating range under sparse-view conditions. The
sparse-view experiments provide a clearer picture of the
data-sufficiency conditions under which differentiable SV-
FBP remains practically useful. In the present setup, the
method remains competitive with AIR at moderate sampling
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Axial

Coronal

Sagittal

Figure 6: Representative reconstructions for the Lissajous-saddle trajectory. (a) Differentiable SV-FBP. (b) AIR (50

iterations). (c) Ground truth.

densities (300-400 projections) while offering substantially
lower reconstruction time. Under stronger undersampling
(100-200 projections), however, the performance gap in
favor of the iterative baseline becomes more apparent. This
behavior is consistent with the structure of the method:
although differentiable SV-FBP benefits from learned re-
dundancy weighting, it still follows an FBP-type pipeline
and therefore lacks the iterative data-consistency mecha-
nism that helps AIR remain stable in more ill-posed settings.
The results therefore suggest a practical operating range
in which differentiable SV-FBP combines efficiency with
good reconstruction quality, while also making clear where
its limitations begin to emerge.

Evaluation beyond fixed-isocenter geometries. The
Lissajous-saddle experiment extends the evaluation beyond
the fixed-isocenter setting used in the earlier robustness
studies. In this geometry, the rotation center varies contin-
uously throughout the scan and the source motion becomes
non-planar and asymmetric. Despite this increased geo-
metric complexity, the framework maintains reconstruction
quality comparable to that obtained in the fixed-isocenter
experiments. This indicates that the differentiable SV-FBP
pipeline remains applicable in a multi-isocenter acquisition
setting without requiring architectural modification. From
a practical perspective, this is relevant for emerging robotic
CBCT systems, where acquisition trajectories may depart
substantially from standard circular or fixed-isocenter de-
signs.

Implications and future directions. Taken together,
these findings position differentiable SV-FBP as a useful
compromise between the speed of analytical reconstruction
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and the flexibility of learned, geometry-aware weighting.
At the same time, the experiments also clarify its current
limitations: the method is robust to strong trajectory irreg-
ularity, but remains sensitive to severe undersampling. A
natural direction for future work is therefore to combine
the present framework with explicit data-consistency mech-
anisms, plug-and-play priors, or other hybrid strategies that
preserve the efficiency and interpretability of differentiable
SV-FBP while improving its performance in more ill-posed
acquisition scenarios.

7. Conclusions

This paper presents a systematic evaluation of a differ-
entiable SV-FBP framework under challenging CBCT ac-
quisition settings, including discontinuous fixed-isocenter
trajectories, sparse-view sampling, and a multi-isocenter
geometry. The experiments show that the framework main-
tains stable reconstruction performance across different
fixed-isocenter trajectory orderings, indicating that recon-
struction quality is influenced more strongly by the spatial
distribution of sampling points than by trajectory continuity
alone. Under sparse-view conditions, differentiable SV-FBP
remains competitive with an iterative baseline at moderate
sampling densities while providing substantially faster re-
construction, but its performance degrades more noticeably
under severe undersampling.

In addition, the evaluation on a Lissajous-saddle tra-
jectory shows that the framework remains applicable in a
multi-isocenter acquisition setting without requiring archi-
tectural modification. Taken together, these results clarify
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both the robustness and the practical limits of differentiable
SV-FBP. The framework offers a useful compromise be-
tween the efficiency of analytical reconstruction and the
flexibility of data-driven redundancy weighting, making it
a promising option for non-standard and robotic CBCT
acquisition scenarios.
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