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Abstract

Accurate modeling of dental crown morphology is fundamental for diagnosis, orthodontic planning, and computer-aided
restoration design. However, datasets suitable for training such models are typically limited in size. We present ToothForge,
a deep spectral generative framework that models dental crown geometries from compact, intrinsic representations.
By operating in the spectral domain, ToothForge learns a latent manifold of 3D tooth shapes through synchronized
spectral embeddings, ensuring consistent modeling across samples with varying connectivity. Spectral synchronization
mitigates the instability of Laplace-Beltrami eigenbases and enables efficient learning in a low-dimensional space. The
framework is thoroughly evaluated through robustness analysis, ablation studies, and benchmarking against PCA-based
statistical shape models and point-based generative frameworks. Results show that synchronized spectral modeling
achieves reconstruction and generative performance comparable to or exceeding spatial approaches, while maintaining
compactness and geometric interpretability. Together, the compact synchronized coefficients and low-dimensional
learning space make the framework particularly suitable for limited datasets, as often encountered in dental and medical
domains, and applicable in real-world scenarios where guaranteeing consistent connectivity across shapes from various
clinics is unrealistic.
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1. Introduction Beyond diagnostic and surgical applications, automated

generation of dental restorations represents key domain
Digital dentistry relies heavily on 3D shape analysis for tasks \yhere accurate 3D modeling of tooth morphology is criti-

such as morphology assessment and computer-aided dental 3| (Kong and Kim). In restorative dentistry, digital work-

restorations. Among morphology assessment applications, flows increasingly rely on data-driven crown design, where

accurate modeling of tooth and root morphology plays prosthetic shapes must adapt to the patient’s existing
a critical role in several clinical domains. In dentofacial anatomy and occlusal context. The ability to synthesize
orthopaedics, evaluating palatal shape morphology has the rejjistic and anatomically feasible crown restorations can
potential to aid in the evaluation and outcome prediction of substantially reduce manual design time and thus improve
maxillary expansion (Matsuyama et al.; Nauwelaers et al.; (Jinjcal and laboratory practice (Hosseinimanesh et al.; Tian
PrimoZi¢ et al.). In endodontics, dental pulp treatment, et 4. Yang et al.). However, these frameworks require
knowledge of root canal anatomy is crucial for guiding canal large, diverse, and well-annotated datasets of dental shapes
detection and preventing procedural complications such as  t5 achieve generalization across patients and tooth classes.

perforation (Cleghorn et al.; Peiris et al.). Similarly, in gch requirement is rarely met in practise due to privacy
implantology, knowledge of crown and root morphology constraints and costly annotations.

determines implant trajectory, proximity to the sinus floor,
and the feasibility of immediate implant placement after Collectively, these applications highlight two comple-
extraction (Bhola et al.; Testori et al.). mentary needs in digital dentistry: (i) shape models that
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capture population-level variability of dental morphologgurfaces as a compact Iternative to spatial coordinates. By
for analysis and diagnosis, and (ii) generative frameworlecomposing a surface into frequency coe cients of the
capable of synthesizing realistic shapes for restorative deslgplace-Beltrami operator, shapes can be described through
and data augmentation. intrinsic, ordered features, where low frequencies capture
As a traditional baseline, statistical shape models (SSMglpbal form and higher modes encode ne details. Such
model shape variation by principal component analysisdecomposition facilitates more e cient learning while
(PCA) of training data shapes (Wold et al.). By repremaintaining geometric interpretability. The applicability of
senting a population of shapes through low-dimensiongipectral decomposition to deep learning was demonstrated
linear modes of variation, PCA-based SSMs provide intéy Lemeunier et al. (2022), who trained an autoencoder on
pretable and e cient frameworks for morphological analysi¢runcated Laplacian coe cients and showed that networks
and reconstruction. They also possess generative powan learn geometry in the spectral domain. However, their
by modifying the variables within given shape populatiodpproach requires all training meshes to share identical
However, due to their inherently linear formulation, theseonnectivity, making it unsuitable for clinical datasets with
models struggle to capture complex anatomical geometriéterogeneous mesh connectivity and varying vertex counts.
Examples include the non-linear evolution of palatal dimef-similar requirement for known point-wise correspondences
sions during dentition development and the non-convéx present in recent point-based di usion models, such as
relationships among occlusal surfaces and cusp morphdfat of Zhu et al. (2025). In earlier preliminary work (Kulo
gies. et al.), we explored this limitation by introducing spectral
The recent emergence of 3D deep learning has extend®&chronization, which aligns the spectral embeddings of
the paradigm of SSMs toward non-linear representatior®l] shapes to a common reference basis. This alignment
usually operating over spatial coordinates (Adams and Fgmoves the bias introduced by eigenbasis instability and en-
habian; Pan et al.; Yang et al.; Yang et al.; Gatrez-Becker ables modeling of a shared spectral manifold across arbitrary
et al.; Luo and Hu). Autoencoder (AE) networks can b&onnectivities.
described as a non-linear generalization of PCA. They are
capable of capturing population-level variability while ser¥-1 Contributions

ing as a generative model for synthetizing novel shap@ge nresent work develops a complete and rigorously eval-
both in a non-linear setting. Moreover, AEs are easily €3ied framework for dental shape generation based on

panded to provide uni ed modeling across multiple Classes?nchronized spectral embeddings. In summary, the major
integrate contextual or multimodal inputs, or perform addi(':ontributions of our work are as follows:

tional downstream analysis like classi cation, regression or

pathology detection. Despite their exibility, autoencoders A deep generative framework for dental shape analysis
also introduce several practical limitations when applied to operating on compact, synchronized spectral coe cients
anatomical shape modeling. First, they scale poorly with trainable on datasets with variable triangulations.
resolution. Training directly on high-dimensional spatial

coordinates or dense meshes requires large datasets arigv/dence that spectral synchronization is essential for
considerable computational resources. This is particularly@chieving high- delity reconstructions and that latent
challenging in medical domains such as digital dentistry,"egularization performed entirely in the spectral domain
where datasets are small but each sample contains tens ofS SU cient for e ective learning. Optimization in spatial
hundreds of thousands of vertices (Hosseinimanesh et al.co0rdinates provides no signi cant bene t, reinforcing
Kub k and Sparel; Tan et al.; Wang et al.). This dimen- the hypothesis that intrinsic spectral representations are

sionality leads to a severe imbalance between data size ang! cient to model anatomical variability.

representational dimensionality. In such settings, over- A comprehensive experimental evaluation demonstrating

ting becomes a crlfucal risk, and 'Fralnlng_stablllty often the robustness of spectral synchronization with respect
depends on extensive downsampling, which may COMProg,

: i deli 4. unlik based o the reference shape, number of modes, and tooth
mise geometric delity. Second, unlike PCA-base SSI\/Is’class. The results con rm that the proposed framework

the latent representations learned by AEs are not Inher'generalizes across di erent tooth families and remains

entlyl O{thogogal or prdered t::)y explalntladdvarlell(r_lce._ '3‘3 3e ective under varying spectral truncations, enabling
result, latent dimensions can be entangled, making it di - modeling at multiple levels of geometric detail.

cult to attribute speci ¢ anatomical meaning to individual

dimensions without additional constraints (Chen et al.). = Direct benchmarks against PCA-based statistical shape
To address these challenges, recent research (Reutemodels and point-based VAEs and di usion frameworks,

et al.; Reuter et al.; Lemeunier et al.; Lemeunier et al.; supported by a thorough discussion of the observed results

Bi et al.) has explored spectral representations of 3D and implications for future extensions.
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This study builds upon and signi cantly extends the\ny shape x can be approximated in this basis as
preliminary version presented at the 29th International Con-
ference on Information Processing in Medical Imaging, IPMI x x+U (b;

2025 (Kubk et al.). Beyond expanding the experimental . . .
( ) y b g P v\\/}JereUr 2 R3""  contains the leading eigenvectors and

design across multiple tooth classes and truncation | R the sh t h , lained
els, the present work adds ablation analyses isolating t e2 are the shape parameters. The variance explaine
y each mode is determined by, and the coe cients

ow a Gaussian distribution; b N (0; ;).
New shapes can be synthesized by sampling coe cients
m the Gaussian prior and reconstructing

roles of synchronization and latent regularization, and i
troduces comprehensive comparative evaluations agaiﬁ%q
established baselines. Together, these contributions a%d-
vance well beyond the preliminary study, establishing D
rigorous understanding of the behavior, clinical motivation,
and more details of the evaluated methods. Access the
codebase here: https://github.com/tiborkubik/toothForge. This linear model is compact, interpretable, and data-
e cient. Each eigenvector corresponds to a distinct mode
2 Materials and Methods of anatomical variability, and varyingy allows controlled
exploration of the associated deformation.
This study benchmarks four approaches to generative mod- However, this linear modeling assumption restricts the
eling of dental shapes, concentrating on individual crowbility of the model to capture complex non-linear anatom-
geometries without incorporating root structures or anatomieal variations. In practice, it means that generated shapes
ical context. A classical PCA-based statistical shape modgile con ned to lie within an a ne subspace around the
provides a linear baseline that is compact and interpretabtgean, which can lead to overly smooth or implausible re-
but limited in expressiveness. Second, we consider spagahstructions. This makes PCAs simple and interpretable,
deep generative models operating directly on point cloudsut less practical for representing rich anatomical details.
which overcome linearity by exploiting nonlinear neural map-

pings but remain constrained by the unordered and extrinsicy pointVAE and PointDi usion: Spatial Deep
nature of point sets. Finally, we describe ToothForge, a spec- Generative Models

tral generative framework that leverages intrinsic geometry L ) )
g g g hile PCA-based statistical shape models provide an inter-

to achieve compact, stable, and connectivity-independe table baseline. th fund tallv limited by thei
modeling. The following subsections introduce each meth(F_’(ﬂea € baseline, they are lundamentaly limited Dy their

in detail, followed by the dataset and evaluation metricéneamy' Deep generative models, and in partlcula_r varia-

description. tional autoencoders (VAES), o er a natural extension by
learning a nonlinear mapping between data and a low-

dimensional latent space. An encoder processes the

input signal into a global representation, parameterizing a

Principal component analysis (PCA) provides the found&aussian distribution

tion of classical statistical shape modeling (SSM). The main

idea i ' iabil jecti e(!:; z N(G):;

idea is to capture population variability by projecting shapes

onto a low-dimensional linear subspace spanned by ortho%?]-erez 2 RY denotes the latent code. A decoddr then

nal modes of variation. SSM is constructed by rst b”ngmgn?#)s this latent vector back to the data domain, producing

all meshes of a given class into dense correspondence,_e . _ . .
) . reconstructior® = d (z). The latent space is regularized
suring that each vertex across the population encodes the

. . . .10 follow a prior distribution, which enables both faithful re-
same anatomical landmark. Each shape withvertices is : . .
an . constructions and sampling of new shapes. Unlike PCA, the
then represented as a column vecto? R " obtained by

o . . encoder and decoder are modeled by neural networks with
concatenating itsx;y; z coordinates. Collectingn such . L .
non-linear activations, allowing them to capture complex
and highly non-linear modes of anatomical variation.
Spatial deep generative models directly operate on ver-
tex coordinates and connectivity information of 3D shapes.
Xj : Among the various spatial representations explored in the
M sy literature, point clouds have emerged as a particularly promi-
nent choice due to their exibility and e ciency. A point
PCA is performed on the covariance matrix ¥f, yielding cloud representation discards explicit connectivity informa-
eigenvectord) =[us;:::;ur] and eigenvalues; ::: tion and instead models each mesh as an unordered set of
r, whereu; de nes thei-th principal mode of deformation.points in R3. This eliminates the requirement of consistent

Xnew =X+ U b:

2.1 PCA: Statistical Shape Model

which is centered by subtracting the mean shape

1 X0
X= —
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mesh connectivity across the dataset and allows a uni egiith weighting the relative importance of regularization.
treatment of shapes with varying discretizations. Here, a This framework allows for both reconstruction of input
3D mesh is represented by a point clogd R 3, obtained shapes and generation of novel samples. However, because
by uniformly samplingm points from the surface. The point clouds are unordered, the network must repeatedly per-
generative process is modeled using a variational autofarm expensive neighborhood searches in high-dimensional
coder (VAE), which maps this set into a latent distributionfeature spaces in order to capture local geometric rela-
and reconstructs it back into a set of points approximatingions. When large point clouds are required for anatomical
the original surface. The encoder learns to project the delity, the receptive elds must expand proportionally, mak-
input point cloud into the parameters of a Gaussian laterihg training and inference computationally demanding and
distribution, training is less stable with small datasets at hand. Thus,
while point-based VAEs provide exibility, their scalability
e(S)!;: z NG ) to high-resolution shapes in low data regimes is limited.

. . Recently, di usion probabilistic models have emerged
wherez 2 RY denotes ad-dimensional latent vector. The Y. P 9

. rong alternativ VAEs for point cl neration.
decoderd maps the latent code back into an unorderefi‘S a St. ong alternative to s for point cloud gene atio
set of points n particular, Luo and Hu (2021) formulate a point cloud

as a set of particles undergoing a gradual forward di usion

8=d (z) R 3% j§j=m; process that corrupts data into Gaussian noise, and then
learn the corresponding reverse denoising dynamics to gen-
aiming to recover the original surface geometry. erate new shapes. Unlike VAEs, di usion models do not

As point clouds are unordered, architectures operatirgquire a single-shot mapping from the latent vector to a full
on them must be designed to be invariant to input permypoint set. Instead, they re ne an initial noise point cloud
tations and extrinsic transformations such as translationver many steps, which often improves sample delity and
rotation, or scale. This invariance is typically enforced hyiversity in point cloud synthesis. The main drawback is
building local neighborhoods througk-nearest-neighbor computational as sampling requires executing the denoiser
searches or ball queries, and then aggregating featufes multiple reverse steps. This makes di usion-based gen-
within these neighborhoods using symmetric functions sueiation substantially slower than a single decoder forward
as max- or mean-pooling. PointNet (Qi et al.) achieves thigass, and typically more time demanding in training and
by applying shared multi-layer perceptrons to each point ilference-time generation.
dependently and using a global pooling operator to produce
an order-invariant embedding. Such models scale poo#y8 ToothForge: Spectral Deep Generative Model
with input data resolution, which is crucial when analyzin%

georr1n etrles gfta_?atorr;lcal shap\(;:'vs ' I\/Lortla recetnt Zritl]l‘te(':;urgg input features generative deep modeling of dental shape
such as Foint fransiormers (Wu et al.) exten IS egariability. Instead of operating directly on vertex coordi-
by learning attention weights over local neighborhoods d ates, each mesh is projected into the eigenspace of the

ngd through spatlal proximity, Wh!Ch again requires eXpll_C'Laplace{Beltrami operator, providing a compact, intrinsic
neighbor queries but allows for richer contextual modelin escription of surface geometry. See Figure 1a for a vi-

The latest versions .Of p_omt transfgrmers improve scalabn@/ al outline. Given a closed manifold mesh with vertices
by fast point serialization. Despite these advances, su 2 RM3 _ its truncated spectral coe cients are de ned as

networks still operate directly on extrinsic coordinates. The
geometry of the shape must therefore be inferred from the Ck= RV;

data, while invariance to global transformations has to be

explicitly encoded in the architecture. The reconstructioWhere « 2 R"% contains the rstk eigenvectors of the
loss is de ned on unordered sets, most commonly using thé@placian, ordered by their associated eigenvalues. Lower

othForge is a framework that utilizes spectral coe cients

Chamfer distance: frequencies capture coarse anatomical structure, such as

X X crown length, while higher frequencies encode ne details,

den(S;8) = minkx yk 3 + minkx yk 3, such as molar cusp morphologies, exhibiting rapid oscilla-
xas ¥2$ y28 "% tions.

. - o A shape can be approximated by reconstruction from
which measures the proximity of each point in one set Rese coe cients as

its nearest neighbor in the other. The full training objective
combines this reconstruction loss with the Kullback{Leibler Vi = «Cx;

divergence that regularizes the latent space:
with increasingk yielding higher- delity reconstructions.

L=dcp(S;8) + KL N(;)kN(;I) ; This natural ordering of coe cients provides a canonical
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(a) Our framework for generating synthetic shapes of teeth via sampling on a latent manifold. Such manifold is modeled usir
synchronized spectral coe cients of tooth shapes, denoted@sFor novel data sampling using ToothForge, two ingredients are
necessary: decoder weights for infering novel modal coe ciéhand common eigenbasis,.ef to project it to spatial domain.

(b) The framework adopts a ve-stage 1D convolutional architecture with learnable pooling and upsampling (Lemeunier et al.).

Figure 1: Outline and architecture details of ToothForge framework.

axis along which neighboring frequencies can be poolsthbilities of the decomposition and provides consistent,
enabling convolutional and hierarchical operations that amnnectivity-independent spectral features across the dataset.
not readily applicable in the unordered spatial domain. The reference template is chosen from the training set and
Despite the natural ordering advantage, spectral repréde nes the common spectral basisk.ret used for synchro-

sentations also introduce speci ¢ challenges. Eigenfunctiongzation and for projecting decoded coe cients back to
are not uniquely de ned and may ip signs or swap ordethe spatial domain. Importantly, synchronization aligns the
across shapes due to instabilities of the decompositi@genbases (i.e., the spectral coordinate system) rather than
ToothForge addresses this by introducing spectral synchaeforming shapes toward the reference geometry, so the
nization, aligning all spectral embeddings to a commaemplate does not act as a geometric prior. In practice,
reference basis y.ef. For each shap®; with coe cients template can be selected either at random from the training
Cyi, a transformation R 2 RkKK is estimated such that set or as a representative medoid shape minimizing average

distance to other training samples.
Cki =RiCi;

minimizing the discrepancy between the aligned coe cients The aligned spectral coe cients are modeled with a
and the reference basis. This procedure eliminates inrVAE. The encodee maps coe cients into a Gaussian
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latent distribution
e(C)!;s z NG

and the decoded reconstructs coe cientsCy = d (z).
The training objective is a weighted sum of reconstruction
error in spectral space and a KL divergence term:

L=kCc Cki+ KL N(;)kN(0;I)

Although projecting coe cients back into the spatial
domain is computationally inexpensive, the optimization is

carried out entirely in the spectral domain. This re ects_, 2 ToothE | h b .
a fundamental distinction between extrinsic and intrinsigIgure + ToothFrorge samples new shapes by generating

learning. Spatial generative models must operate on rﬁﬁecual coe cients. and regonstructing thgm thrqugh the
coordinates inR?, and therefore spend capacity accountin hared reference eigenbasis. When combined with the tem-

for extrinsic factors such as global scale, orientation, tra late mesh connectivity, all synthesized meshes inherit the

lation, and the permutation of input points. In contrast>2M€ vertex indexing, yielding guaranteed point-to-point

spectral coe cients are intrinsic to the surface and alread§Orresloondence across samples.
embed the geometry of the mesh into the representation.

The network does not need to learn the underlying geomez0 molars. Data was provided by an industrial partner.
try from data, but can instead focus directly on modelinghe dataset was divided into three anatomical categories:
anatomical variability in a compact and stable space. incisors, premolars, and molars. For each category, an

After training, novel shapes are generated by samplifgdependent model was trained under all evaluated frame-
latent vectorsz N (0;1), decoding them into spectralworks. We train separate models per crown category to
coe cients €y, and projecting back to the spatial domainmaintain anatomically homogeneous shape distributions and

through the common basis: to enable a direct, class-wise comparison to standard PCA
baselines, which are commonly constructed per anatomical
V= e G class.

Coupled with the template shape connectivity information, All crowns were digitally modeled by experienced dental

this produces high-resolution meshes with consistent COI,];@@hrymans with the speci ¢ purpose of Serving as patl_en'_t—

spondence across samples, as visualized in Figure 2. speci c.dental prostheses.. This ensures clinically realistic
ToothForge thereby combines the compactness of Spg&atommal morphology \_/\{hlle avoiding biases such_as tooth

tral embeddings with the generative power of variationdyear or surface |rregular|tlgs that vyould be present if shapes

autoencoders. Compared to point-based VAEs operati?ﬁﬁre segmented from patient optical scans. .

on unordered coordinates, ToothForge explicitly leverages All dental crpwns gre represente_d as triangular man-

intrinsic geometric structure via synchronized spectral coéff?ld meshes with various triangulations. No texture or

cients, which is particularly advantageous in bandwidth‘EOIor information is included, and the average resolution
matched, low-information regimes is 11484 535 vertices. Since the crowns were digitally

We adopt a -VAE as the generative backbone becaué@Odeled for use as dental prostheses, the meshes are in-

ToothForge is designed to learn a compact, Iow-dimensioH%ﬁ’rently watertight 'a'nd free of holes. This guarantees that
latent manifold and to support e cient sampling for doWn_spectral decompositions and correspondence procedures are

stream use (e.g., augmentation). Di usion models are pot a ected by artifacts such as holes, self-intersections, or
promising alternative for high- delity synthesis, but thewon—manifold edges, ensuring stable downstream processing.

typically require iterative sampling and substantially higher . .
training/sampling cost, and are often most e ective wher?-> Evaluation Metrics
trained with larger datasets. We therefore focus on VAES @l reported geometric distances and reconstruction errors
this work, and leave di usion-based generation in the spegre measured and reported in millimeters (mm).
tral domain as an interesting direction for future research.
2.5.1 Accuracy

24 Data Accuracy evaluates how well the model can reconstruct

All experiments were performed on a private dataset ehapes from the training set after compression. When two
430 dental crown shapes: 149 incisors, 161 premolars amegresentations are ordered, such as spatial point clouds
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with point-to-point correspondence, accuracy is measureds.4 Coverage

using the mean squared error (MSE): To complement MMD, we additionally measure the diversity

d C1:C)=kC+ C K2 as the fraction of reference samples that are selected as the
mse(C1;C2) =kC 1 C 2k5; )
nearest neighbor of at least one generated sample:

whereC1;C, R 2 denote the ordered sets. For unordered
vertex sets,S; R 3 andS, R 3, we use the Chamfer

distance (CD), de ned as COV(S;Sy) = jfarg min zs, deo (1, 9)ig 2 Sggj:

ISt

X X
den(S1;'Sy) = min kx yk 3+ min kx yk 2: . .
cp(S1; S2) s, Y252 yx 2 y2s x2S 1 YK 2 Higher values indicate that the generated set covers a larger
1 2

portion of the reference set (Naeem et al.).
Lower values oflysg and dcp indicate more faithful recon-
structions of the training samples. The ove_rall accuracy pesylts
of a model, denotedlyn.mse or dirn-cp , IS Obtained as the _
average of the corresponding measure across all shapes.in Experimental Setup

the training set. Dense correspondence was rst established among all meshes
to enable construction of the PCA-based statistical shape
model. A single template was selected, simpli ed to 4096
Generalization assesses how well the model can reconsti@tices, and normalized to unit scale. For each remaining
unseen test samples, thereby measuring its ability to eéresh, 4096 surface points were sampled and aligned to the
tend beyond the training distribution. For point sets withtemplate using rigid ICP Rusinkiewicz and Levoy (2001),
consistent ordering, we compute reconstruction error usirfgllowed by non-rigid coherent point drift from Myronenko
the mean squared error (MSE). For unordered vertex se@)d Song (2010) with parameters = 2:0, = 3:0, and

we instead employ the Chamfer distance (CD), as de netbO iterations. This produced a set of meshes sharing the
in the previous section. Smaller errors correspond to g&me template connectivity. The registered meshes were
constructions that remain faithful to the anatomical detailsvectorized by concatenating thek;y;z coordinates and

of held-out shapes. The reported generalization score ofstacked into a shape matrix. Shapes were centered and
model, denotedhst.vse OF dist.cp , is obtained by averagingnormalized before PCA was applied wikhretained compo-
the chosen distance measure across all shapes in the ®ts. Novel shapes were generated by sampling coe cients

2.5.2 Generalization

set. B N (0; ;) and forming linear combinations of principal
components with the mean shape.
2.5.3 Minimum Matching Distance As nonlinear spatial baselines, a point-based variational

While accuracy and generalization quantify how faithfully gutc:eggocéeréPomté/ Ai) Wats Tsezdo’zsl'm'!?r: 10 whag[ 'S pr((aj-

model can reconstruct individual shapes after compressi n ed n Su mTZ' gcb e:De_ ?N (t++ )'. ¢ elencod er aln

they do not evaluate the quality of the model as a gener%llt-eco er was replaced by Fointiiets (Qietal) and imple-
mented with architecture matched in depth to ToothForge.

tive distribution. To assess the distributional delity of the . .
. .The network follows a 5-stage encoder-decoder design with
learned shape space, we evaluate the Minimum Matching

Distance (MMD). MMD evaluates how well the learned’ Gaussian bottleneck of dimensiar= 16, optimized us-

generative model captures the delity of the training sam-J (?hhim;eéf |jj[ance on vtertex p;osm?.nslcombmlt_ed W']Eh a
ples using a nearest-neighbor matching score. Concret%'l\'\/e'g N 'vergence term. A cyclical annealing o

we draw random latent codes from the prior distribution,é{t\'\'een 0 and 0.05 was applied. Input point clouds were

decode them into shapes, and obtain a generated Sgt sampled u_sipg Poisson disk sampling with p'oints per
with jSgi = jSrj, where S, is the reference set of realmeSh' Training was performed with batch size 16 using

shapes. We measure the distanceSy to the reference set AdamV\ll()(gl(;'ttl)a!tleartnlng ra;te 14, co§|neta|nn§; Ilnhg restarts
S; of real shapes. For each shapeSp, given a set of real cevery iterations) for approximately two hours on a

crownsS; and a set of generated crowrS, we compute single Tesla T4 GPU. Second point-based framework is a
the matching error ' point di usion model presented by Luo and Hu. More specif-

ically, we employ their point cloud generator model with
normalizing ows. We keep most of the hyperparameters
as proposed defaults, and only change the latent dimension-
ality to 64. Input point clouds were sampled using Poisson
Low values indicate that generated samples are on-manifadsk sampling withm points per mesh. We optimized the
and do not deviate into unrealistic shapes. model for approximately two hours using single Tesla T4

1 X
MMD(S,;Sq) = — min d r,g).
(Sr; Sy) iSi] s, 925, co(r;9)
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Table 1: Reconstruction and generative quality across spectral truncation$ ToothForge. SR (shape recovery) is the
average truncation error of th&-harmonic reconstruction of the ground-truth meshes for given class lamdmbination
computed between ground-truth verticég and truncated reconstructio’y = ¢ V. Relative errors'¢') compare
predictions to thek-truncated target, absolute errors?{S) compare to the full-resolution ground truth. All values are
measured with spatial reconstructions using CD as the distance metric.

Incisors Premolars Molars
k SR df i dg g SR di di dg d SR dn d dY g
32 0:232 0:022 0:241 0:061 0:234 0:221 0:031 0:248 0:061 0:243 0:244 0:033 0:250 0:075 0:246
64 0:110 0:041 0:152 0:066 0:155 0:101 0:027 0:127 0:038 0:129 0:123 0:024 0:159 0:038 0:155

128 0:083  0:046 0:123 0:060 0:128 0:066  0:030 0:079 0:037 0:102  0:096 0:033 0:093 0:033 0:108
256 0:069 0:043 0:117 0:059 0:122 0:063  0:028 0:075 0:049 0:091 0:089 0:029 0:104 0:037 0:092
512 0:063  0:059 0:115 0:067 0:114 0:061  0:043 0:081 0:054 0:102 0:084 0:030 0:099 0:043 0:093
1024  0:062 0:055 0:129 0:060 0:117 0:060 0:049 0:076 0:063 0:100 0:084  0:033 0:094 0:071 0:101

GPU. We refer to this model as PointDi usion in the textcompactness and geometric detail, e.g., by choosing the
To encourage robustness in both spatial approaches, snathallestk for which reconstruction/coverage metrics (and
random perturbations in global rotation and isotropic scalthe corresponding qualitative delity) have saturated for the
were applied to the input point clouds during training. Sepdatended application. To assess how this trade-o in uences
rate models were trained for incisors, premolars, and molafsothForge, reconstruction quality was quanti ed across
using the same 80/20 train{test split as with PCA. di erent truncation levels.

ToothForge operates in the spectral domain, where Reconstruction errors are reported in two complemen-
each mesh is projected into thie-truncated eigenbasis oftary ways. First, predictions are compared against the
the Laplace{Beltrami operator. Spectral embeddings atetruncated meshes used to generate the training coe -
synchronized to a common reference basis using the methgiénts. This relative error isolates the delity of the network.
of Lombaert et al. (2015), ensuring stable and consisteecond, reconstructions are compared against the original
coe cients across shapes. A-VAE with a 5-stage 1D high-resolution ground-truth meshes. This absolute error
convolutional encoder{decoder, latent size= 16, and captures both truncation and network reconstruction losses,
cyclical annealing of between 0 and 0.05 was trainedee ecting the overall clinical delity of the model. The
The architecture uses pooling and unpooling operators gssults are summarized in Table 1.
pres_enfted by Lgmeunler et al. (2022). See Flg.ure 1k.) for The relative reconstruction errors indicate that the
details in scenario where 256 modes are used during '[I‘alnlrljr]_%

) ) del generalizes well to unseen samples across tooth
The reconstruction loss was de ned purely in the spectra| L
) - . . Classes. As the number of spectral harmonics increases,
domain, combining mean squared error on coe cients with . . . . :
. L . he reconstruction quality remains stable, with only a slight
the KL divergence term. Training was performed with batc . . L .
. : o : . __rise in the relative training error. This trend suggests that
size 16 using AdamW (initial learning rate #0, cosine . . .
. ) . . hile the model e ectively captures the global geometric
annealing restarts every 10,000 iterations) for approximate

ey ucture, it becomes increasingly sensitive to the higher-
two hours on a Tesla T4 GPU. Separate models were train of gl g
o : requency spectral components. These components are
for incisors, premolars, and molars using the same 80/ . .
. . : inherently less stable and more susceptible to noise. Conse-
train{test split as for the other baselines. . ) .
guently, the spectral representation of ne geometric details
may exhibit minor irregularities, which can challenge the
network's ability to model them consistently. The abso-
3.2.1 Reconstruction Quality Across Tooth Classes and lute reconstruction errors remain (;on5|stently low across all
Spectral Truncations tooth classes, re e_ctlng high dellty_to the_ fu!l—resolgtlon
ground truth. Their gradual reduction with increasing
A central design choice in spectral generative modeling is thlicates that additional spectral components improve geo-
number of Laplace{Beltrami eigenfunctions retained whemetric detail recovery without introducing instability in the
projecting a mesh into the spectral domain. Lower valuepatial domain. Although minor noise appears at higtker
of k yield a more compact representation but may discanhlues, the absolute errors continue to approach ®R
high-frequency information, while larger values preserve nalues. This indicates that most of the remaining discrep-
geometric detail at the cost of higher dimensionality. lancy originates from the intrinsic low-pass lItering rather
practice,k is selected based on the target trade-o betweethan from network reconstruction errors. See Figure 5 for

3.2 Results on ToothForge
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Table 2: Ablation atk=256 for molar class. All valuesconsistently produced the lowest reconstruction errors and
are measured with spatial reconstructions using CD as theausible reconstructions. In contrast, the o -diagonal cases,
distance metric. Bold values denote the best-performinghere di erent templates were used for training and testing,
results andunderlinedvalues indicate the second-best withisshowed that the generated shapes were less accurate, un-

each column. derlining that mismatched bases introduce variability into
the predictions. While this degradation was not as severe
Variant o dg  d® MMD as in the \NoAlign" setting, the results indicate that sta-
ToothForge 0:029 0.037 0.092 0:099 ble performance is primarily achieved when train and test
=0 0:066 0:125 0:232  0:212 shapes are synchronized to the same reference template.

No spec. sync. 0:101 0:127 0:160 0:186  We observed similar trends across tooth classeslamdlues.
+ =110 2 0:027  0:041  0:105 0:111 Importantly, this experiment indicates that the reference
+ =510 2 0.022 0:040 0:112 0:102

template does not bias the generated geometry toward a

* 97110 ° 0:026 0044 008 0.098 particular shape. Instead, it establishes a common spectral
basis used to express coe cients consistently. The main

randomly selected tooth reconstructions. failure mode arises from using di erent bases between train-
ing and inference, rather than from any particular choice

3.2.2 Ablation Study of template. In practice, reference can be chosen from the

o . _ ~ training set as a representative shape (e.g., a medoid) or
A quantitative ablation study quanti ed the e ect of indi- 4 random, and then kept xed throughout training and

vidual design choices, with results summarized in Tablegneration to ensure a stable synchronization convention.
The parameterk was xed at 256, and analysis focused on

the molar class, noting that similar trends hold across other . .
truncation values and tooth classes. Setting= 0 elimi- -3 Comparative Analysis

nated latent regularization and led to reconstructions thalt:irst quantitative comparisons are provided in Figure 3

collapsed toward overly smooth mean-shape-like geome- . . .
orlapsed t overly X ge and Table 3. ToothForge consistently achieves low minimal
tries, with little variability across latent space exploration. . .
. . . matching distance values on molar class. Same trend was
Removing spectral synchronization consistently degrade o ) .
S . : observed on incisors and premolars. For experiments with
reconstructions: in the spatial domain, generated outputs . -~
\ ow truncations K = 32; 64), the limited nhumber of coef-
were often semantically far from dental structures, produc-

ing implausible shapes. As an additional test, the traininClents constrains the representation capacity, leading to

. . . N r%constructlons that are coarse and not anatomically plausi-
loss was modi ed to include a spatial regularization term, . R . .
. . ‘ ble. PointVAE and PointDi sion show higher error in low
implemented as an auxiliary Chamfer distance on recon- o .
. setup because its inputs are sparse point clouds (matched
structed vertices, ) ; . : . . -
in bandwidth to the coe cient dimensionality), providing
2 substantially less geometric information for reconstruction
L= C¢ G 5+ KL N(; N@;1) + ¢pdep(V;V);
k M2 ) ©:D sp deo ( ) than the spectral representation. For highkrvalues, both

hereV and ¥ d h d-truth and dspectral and point-based methods capture tooth shape vari-
wherev-an enot_et € groun —truf[ an reconstruc_te ability well. PointVAE, however, often produces locally
vertex sets, respectively, ardtp ( ; ) is the Chamfer dis-

noisy surfaces. PointDi exhibits strong generative behav-

tance as de ned earlier. Across all tooth classes, this ad%?, but sampling is substantially slower (milliseconds for a

tional spatial term did not yield consistent Irnlorovement§i,ng|e forward pass of ToothForge vs. seconds for iterative

and in several cases slightly worsened results. Overall gffl]sion), which limits practical throughput. Moreover,

ferences were neglectable. These ndings support that trfﬁese point-based frameworks produce unordered point sets

?ntrinsip smoothness encpded by' the speptral reprgseqtatmhout connectivity, so a separate surface reconstruction
is su cient, and that adding explicit spatial regularlzatlons,[elo (e.g., Poisson reconstruction) is required. When ap-

does not bene t ToothForge. plied to sparse point clouds, this post-processing can yield
implausible or anatomically distorted meshes. In contrast,
eventhough spectral reconstructions tend to be slightly
The robustness of ToothForge to the choice of referenseoothed, they directly yield coherent surfaces, which bet-
template was evaluated by training models on di erent rarter preserves anatomical delity and results in more plausible
domly selected template shapes and testing them across @bwn geometries. The di erence in reconstruction quality
possible train{test template combinations. The results aris visualized in Figure 6. As for the comparison with PCA,
presented in Figure 4. The diagonal entries, where trainirfgpth PCA and ToothForge capture global crown character-
and test data were synchronized to the same templatstics well. However, PCA-generated samples show reduced

3.2.3 Robustness to Template Shape Selection
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Figure 3: Reconstruction delity across spectral truncatioksor molars using PCA, PointVAE, PointDi usion and
ToothForge. Note that PCA results are not reported for highlervalues due to the insu cient number of available
samples to support the corresponding number of principal components. For the PointVAE and PointDi ukidenotes
the number of input spatial points (x, y, z).

xed-length intrinsic descriptor whose dimensionality is de-
coupled from mesh resolution, while remaining compatible
with future extensions such as conditional generative mod-
eling (Zhang et al.). This could enable more practical
frameworks, for example by learning a single latent space
for all tooth classes or by introducing attribute-guided shape
synthesis, text-driven generating (Xu et al.), or geometry
modifying (Achlioptas et al.). We also show that the dis-
tributional coverage and delity is on par with point-based
frameworks, but without its limitations in representing ne
anatomical details in low-data settings. While even more

Figure 4: Cross-basis sensitivity for the molar class ggvanced point-based generative methods for dental struc-

k = 256. Heatmap entries show the absolute test rdures (Chanintonsongkhla et al.) can capture geometric

construction errords when training with one referencec®MPIExity through point- ow mechanisms (Yang et al.),

template (rows) and evaluating test shapes aligned to a}tp_ey require extensive optimization (30 days for anterior

other template (columns). Diagonal entries correspond ttc?eth) apd_ Iarge datasets. Th's compa}ctness IS theref_ore
key distinction from spatial generative models, which

matched train{test templates and yield the lowest error&

O -diagonal entries show modest degradation when traiﬁ"mcaIIy operate directly on high-dimensional, unordered
and test templates di er. The \NoAlign" column indicates coordinates and therefore require substantially more model

performance without spectral synchronization, resulting ifePacity, computational time, and bigger datasets to learn
substantially higher errors invariances and local structure.

3.4 Downstream Task Experiment

diversity in localized anatomical features, most notably in
ne-scale regions such as lingual/buccal grooves, whereB&assess whether ToothForge is useful beyond shape recon-
ToothForge yields a broader range of such morphologidgruction, we evaluate it as a data augmentor in a tooth class
variations. classi cation (incisor/premolar/molar). Because this task

Jointly, the quantitative and qualitative results show afS relative_ly easy on the full dataset, we deliberately restrict
least two things. First, in the context of population-levefl® classi er training set to 100 randomly selected shapes
tooth modeling, the bene ts of non-linear latent spaceg"h”_e preserving the original class dlstrlbqt!on, making the
are not markedly pronounced compared to classical staf&tting data-limited and thus more sensitive to augmen-
tical shape models such as PCA. Nevertheless, our f@tion. To prevent any data contamination, ToothForge
ings demonstrate that non-linear spectral modeling cdp trained only on the remaining training split, excluding
achieve comparable reconstruction delity while Ieveragin_tge 100 shapes used to train the classi er. The test set is
a compact, frequency-ordered intrinsic coe cient represefidentical for generative and classi cation task.
tation that is stable under changes in discretization through We compare setups with no augmentation, conventional
synchronization. ToothForge concentrates learning onraesh-space augmentations only, ToothForge samples only,
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Figure 5: Reconstructions of unseen tooth shapes. The predictions accurately capture the overall tooth shape. T
reconstructions may appear smoothed at times (rightmost premolar). This is due to possible inaccuracies in predictir
high-frequency components.

Table 3: Quantitative comparison and runtime of the evaluated generative methods on the molar tooth class. We repo
Minimum Matching Distance (MMD #) and Coverage (COV,) computed using Chamfer Distance (CD), together with
training and sampling time. PCA uses the top 128 input features, while deep learning baselines use 256 features. B
results are highlighted in bold, and second-best results are underlined

Method MMD COV (%) Training Time Sampling Time
PCA 0:1541 37:04 10s 10ms
PointVAE 0:1090 42:63 121 mins 22ms
PointDi usion 0:1112 47.00 143 mins 9s
ToothForge 0.0997 43:78 100 mins 1ms

and both combined. For conventional augmentations, weable 4: Downstream tooth type classi cation (incisor/pre-
apply a rigid transform, random rotation around the zmolar/molar) under di erent augmentation strategies in
axis up to 45 and, a deformation augmentation, vertexhe low-data regime (100 training shapes, class-balanced).
jittering with Gaussian noise (= 0:005). For ToothForge Mesh transforms denotes random z-axis rotations and vertex
augmentation, wer consider two budgets 100 and 10¢iter. ToothForge augmentation adds 100 or 1000 gener-
generated shapes added to the training set. ated crowns sampled from the learned manifold. Accuracy
is reported on a xed held-out test set. Best results are

Table 4 shows that ToothForge can serve as an e efighlighted in bold, and second-best results araderlined
tive augmentor in this low-data setting. Training without

augmentation yields 986% accuracy, while conventional variant Accuracy (%)

mesh-space augmentations improve this to.B®%. Using No augmentation 90:36
1000 ToothForge samples leads to a larger gain, reachingash transforms (rotation + vertex jitter) 95:18
98:79%, and adding mesh transformations on top does notrgthForge (N = 1000) 08.79
further change performance, indicating near-ceiling accuracyesh transforms + ToothForge (N = 1000) 98.79
on this simple task and relatively small test set. Mesh transforms (rotation + vertex jitter) 95:18

ToothForge (N = 100) 92:77

To better probe complementa_lrity before satgration, We \1esh transforms + ToothForge (N = 100) 96.38
also evaluate a smaller generative budget. With only 100
ToothForge samples, accuracy increases to/9%, i.e., bet-
ter than no augmentation but below conventional augmenta-
tions. Importantly, combining these 100 generated sampléls

Wltth mfesh _transforr:n ?tlonfs |mp:_o ves flnlccur;csyg/to::ﬁ’@ ' This study presented ToothForge, a deep generative frame-
outperforming mesh transformations alone (38%). This ork that learns dental crown geometry from synchronized

suggests that ToothForge provides additional, non't”V'ngpectral representations. By operating in the spectral do-

?hapet_varlablllty tt;a; complements standard rigid and dﬁfain, the method models intrinsic shape variability through
ormation augmentations. compact and interpretable latent spaces that remain stable

across heterogeneous mesh connectivities. Comprehensive

Conclusion
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